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L,(L,)-Banach lattices
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Abstract: 'We introduce the class of doubly atomless bands in L,(L,)-Banach
lattices and show that this class is axiomatizable by positive bounded sentences
in the language of Banach lattices. (Here p # ¢ are fixed and in the interval
1 < p,qg < 00.) The theory of this class is complete (indeed, we show it is
separably categorical) and model complete. Further, we show that it satisfies
quantifier elimination if and only if the ratio p/q is not an integer. On the functional
analytic side, the proof of the latter result uses a positive-coefficient version of the
well known Rudin-Plotkin-Hardin extension theorems.
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Introduction

This paper is a continuation of our paper [HR] in which we began the study of the class
of L,(Ly)-Banach lattices from a model theoretic point of view. (Throughout this paper
we assume 1 < p, g < oo and p # ¢g.) The logical framework we use for this study
is the setting of positive bounded formulas and approximate satisfaction initiated by
Henson in [He] and developed by Henson and Iovino in [HI]. In order to have a class
that is axiomatizable in this framework one needs to expand the class of L,(L,)-spaces
(since, for example, this class is not closed under ultraproducts). In [HR] we considered
the class BL,L, of bands of L,(L,)-Banach lattices, which turns out to be natural in
both functional analysis and model theory.

One of the main results of [HR] shows that the class of BL,L,-Banach lattices is
axiomatizable by positive bounded sentences in the language of Banach lattices. (See
[HR, Corollary 2.10].) An explicit set of axioms for this class can be derived from
the results in Section 3 of [HR], which show that a Banach lattice is in the class
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2 C W Henson and Y Raynaud

exactly when it can be paved in an almost isometric sense by finite dimensional
BL,L,-sublattices. (See [HR, Proposition 3.6]; to express the needed axioms as positive
bounded sentences one needs bounds on the dimensions of the BL,L,-sublattices as
given in [HR, Proposition 3.7].)

In this paper we identify and study a natural axiomatizable subclass of BL,L,; whose
theory is very well behaved from the model theoretic point of view. This is the class of
doubly atomless BL,L,-Banach lattices; see the beginning of Section 2 for the definition.
Every member of this class turns out to be elementarily equivalent to the Banach lattice
L,([0, 1]; Ly([0, 1])), which we denote by L, (Lg); hence the theory of the class of
doubly atomless BL,L,-Banach lattices is complete. Indeed, every separable member
of this class is isomorphic to Ly (Lg) (i.e., this theory is in fact separably categorical).

The main focus of this paper is to determine the values of p, g for which the theory of
doubly atomless BL,L,-Banach lattices has quantifier elimination. (See [HI, Definition
13.13] and the material that follows it for a discussion of quantifier elimination in
the positive bounded setting.) When 1 < p # ¢ < oo, we show that this theory has
quantifier elimination if and only if the ratio « := p/q is not an integer. (See Corollary
4.4 and Proposition 5.4.)

In Section 6 we indicate (without full details) that the theory of doubly atomless
BL,L,-Banach lattices is model complete for all values of p, g, and indeed that it is the
model companion of the theory of all BL,L,-Banach lattices.

In the background of this investigation are corresponding results for L,-spaces that
were already known. (For this reason we are excluding the case p = ¢ in this paper.)
As shown in [HI, Example 13.4], the class of L,-Banach lattices is axiomatizable
by positive bounded sentences. Further, the class of atomless L,-Banach lattices is
axiomatizable and its theory is complete, separably categorical, and has quantifier
elimination for all 1 < p < co. (See Henson’s [He, Theorem 2.2] for axiomatizability
of the atomless condition and for completeness of the theory, and [HI, Example 13.18]
for quantifier elimination.)

In certain ways, the model theoretic study of BL,L,-Banach lattices has more features in
common with the model theory of L,-Banach spaces than it does with the model theory
of L,-Banach lattices. As noted in the previous paragraph, for atomless L,-Banach
lattices one has quantifier elimination for all values of p. In that result there is nothing
like the restriction (that p/g not be an integer) needed for atomless BL,L,-Banach
lattices to have quantifier elimination. However, when L, -spaces are considered without
the lattice structure, a similar complexity arises. In [HI, Example 13.8] it is discussed
that the full class of L,-Banach spaces as well as the class of atomless L, -spaces are
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Quantifier elimination in L,(L,) 3

both axiomatized by positive bounded sentences in the pure language of Banach spaces.
As in the lattice case, and for the same reasons, the theory of atomless L,-Banach spaces
is complete and separably categorical. However, this theory has quantifier elimination if
and only if p #£ 4,6, 8, ..., as is discussed in [HI, Example 13.18 at the end]. Further,
the reasoning behind that result is similar to what we use in Sections 3, 4, and 5 of this
paper to treat quantifier elimination for the theory of doubly atomless BL,L,-Banach
lattices. Finally, we note that it can be shown for all values of 1 < p < oo that the
theory of atomless L,-Banach spaces is the model companion of the theory of all
L, -Banach spaces, using the same argument we use in Section 6 to prove the analogous
result for doubly atomless BL,L,-Banach lattices.

We close this Introduction by indicating the contents of this paper section by section.
Section 1 contains preliminaries from analysis needed for the spaces we consider here.
Section 2 defines the class of doubly atomless BL,L,-spaces and proves that it is
axiomatizable, and that its theory is separably categorical and complete. Here we also
show that the classes of BL,L,-spaces we study are closed under unions of increasing
chains. Section 3 contains some results about extending isometries on the positive
cone of L, topological vector lattices for 0 < o < o0; these results are central to
our treatment of quantifier elimination for doubly atomless BL,L,-Banach lattices. In
Sections 4 and 5 we prove our quantifier elimination results. In Section 6 we briefly
discuss model completeness for the theory of doubly atomless BL,L,-Banach lattices.
At the end of the paper we indicate some possible directions for further research in this
area.

Research of the first author was partially supported by NSF grant DMS-0555904.

1 Preliminaries

L,(Ly)-spaces

If 1 < p < oo, Y isaBanachspace, and (€2, 3, ;1) is ameasure space, then L,(£2, X, 15 Y)
is the space of (classes of) Bochner-measurable functions f: £2 — Y such that (the class
of) the function Ny(f): @ — Ry defined by w — |[|f(w)|y belongs to L,(€2, %, p1).
(Recall that Bochner-measurable functions are limits of sequences of measurable simple
functions.) In this definition “class” means as usual “equivalence class with respect
to equality almost everywhere”. If Y itself is a space of the form L,(QY,%', 1),
1 < g < oo, then L,(£2, X, u1; Y) can be identified with a Banach lattice X of scalar-
valued measurable functions on the product measure space (2 x ', XRY/, u@u’).
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4 C W Henson and Y Raynaud

The definition of this product measure space is standard when p, p’ are both o -finite.
In that case the class of a u®pu'-measurable function f belongs to X iff the (classes
of the) partial functions f(w, -) (which are v-measurable for p-almost every w € )
belong to L,(Q,%',') for p-almost every w € € and the (class of the) function
N,(f): Q — Ry, defined by w — ([ |f(w,w")|9dp'(@))"/9, belongs to L,(Q, 3, ).
When considering ultraproducts of such spaces, it is necessary to consider also the
case of non o -finite measure spaces. In fact we may restrict to decomposable measure
spaces: a measure space (€2, X, i) is decomposable (or strictly localizable) if there
exists a partition {2 = [, Q2 of €2 into elements €2, of ¥ that have finite nonzero
p-measure, such that

(i) a subset A of () belongs to . if and only if each €2, N A belongs to X; and
(ii) in that case one also has p(A) = > u(A N Q).
[0

Every L,-space (1 < p < oo) can be represented as the L,-space of a decomposable
measure space.

Such a measure space (€2, 33, u) is in particular Maharam; that is, it is semi-finite (i.e.,
every set A € X with u(A) > 0 contains a subset B € 2 with 0 < u(B) < oo) and
the space Loo(€1, 32, p) is order-complete (i.e., every order bounded family of elements
has a least upper bound; equivalently, Ly(€, 33, ) is order-complete). Consequently,
the dual of L(2, X, ) is identifiable with L.(€2, X, i) via the pairing given by the
integral. The product of two decomposable measure spaces can be defined in such
a way to also be decomposable, and the interpretation of L,(€2, X, p1; Ly (SY, 3, 1t/))
as a space of measurable functions on the product measure space is very similar
to the o-finite case. (The condition for a ;1 ® u’-measurable function to define an
element of L,(2, 3, 5 Ly(Q', %, 1)) is the same as in the o -finite case provided the
function is supported by a product of o-finite sets, and conversely, every element of
L,(Q, %, p; Ly(Q, X, 1)) has such a representing measurable function.)

Abstract L,(L,)-spaces

A description of ultraproducts of L,(L,)-Banach lattices has been known since the
1980s. This class is not closed under ultraproducts, but a somewhat larger class is,
namely the class of bands of L,(L,)-Banach lattices ([LR1], [HLR]). A band in
Ly (80, 3, p; Ly(SY, ', 1)) is the range R of a projection f — 1g.f, where § C © x €
is some 4 ® p’ -measurable subset. Equivalently R consists of all S-supported elements
of L,(L,) and S is called the support of Rg. Let us recall a definition of bands in a
general Banach lattice, relying only on the Banach lattice structure: a band in a Banach
lattice X is a subset of the form A-, where A C X and A* = {g € X |Vf € X,f L g}
is the set of the elements of X that are disjoint from all elements in A.
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Quantifier elimination in L,(L,) 5

An “abstract” description of these bands as Banach lattices has been given. By
an abstract Ly(Ly)-space (in short, an AL,L,-space) we mean a Banach lattice X
which, for some measure space (£, 3, i), can be equipped with the structure of an
Loo(2, 3, )-module and with amap N: X — L,(£2, X, )+ such that

(1) For every ¢ € Loo(2,3, 1) and x € X, if ¢ > 0 and x > 0, then ¢.x > 0;
(i) N(x +y) < N(x) + N(y) for every x,y € X;

(iil) N(p.x) = |@|N(x) for every ¢ € Loo(2, %, 1) and x € X;

(iv) if 0 < |x| < |y|, then N(x) < N(y), for every x,y € X;

(v) N(x + y)? = N(x)? + N(y)? for every pair of disjoint x,y € X;

(vi) |lx|lx = ||N(x)]|z, forevery x € X.

A map N satisfying the axioms (ii)—(vi) is called a g-random norm. The ordinary
Bochner spaces L,(L,) are clearly AL,L,-spaces (the random norm of which was
denoted by N, in the previous paragraph); in particular, L,-spaces and L,-spaces are
AL,L,-spaces. More generally, any band B in a Bochner L, (2, X, 1; L,)-space inherits
the structure of an AL,L,-space. Conversely, it was proved in [LR1] (see also [LR2]
and [HLRY]) that every AL,L,-space is isomorphic to a band of a Bochner L,(L,)-space.
In fact the isomorphism preserves the action of L, and the g-random norm. This
provides a characterization of bands in L,(L,)-spaces as the Banach lattices arising
from AL,L,-spaces by ignoring the action of L., and the random norm N. Such spaces
were called BL,L,-Banach lattices in [HR]. It was proved in [HR] that the class of
BL,L,-Banach lattices is axiomatizable in the signature of Banach lattices.

Note that the class of AL,L,-spaces is closed under ¢, (p-direct sum). In the separable
case, every AL,L,-space X has a concrete representation as a p-direct sum of Bochner
L,(L,)-spaces; namely, X is isomorphic to a Banach lattice of the form

( @ Lp(Qn; EZ)) (S5) Lp(Qoo; gq) D
>0 b P p
(GBLP(Q;;Lq([O, 1])@6';)) & Lp(Vii Ly 10, 1D & L.
n>0 p
It was noted in [LR1] that (for fixed p, q) the class of AL,L,-spaces is closed under
ultraproducts. Let ¢/ be an ultrafilter on the set /, (X;);c; a family of AL,L,-spaces, and
Ni: Xi — Ly(€;, X, 1)+ the corresponding g-random norms. Let £ be the abstract
L,-space [ [, Ly(€, Xi, pi). If LP(Q7 ¥, fi) is any representation of £ as an L,-space
over a decomposable measure space, then Hu Loo(€2;, %4, ;) may be identified with

Journal of Logic & Analysis 3:11 (2011)



6 C W Henson and Y Raynaud

a subalgebra Z of L.({2, 3, i) acting naturally on [ I, Xi by the ultraproduct action,
which extends in a unique way to an action of L..(€, %, /i) on [I;,Xi. Then the
ultraproduct map Nys: [, Xi = 1, Lp(Qi, i, ;) defines a g-random norm on the
Banach lattice Hu X;, with respect to this action of LOO(Q, fl, ).

Isomorphisms and embeddings

We specialize some terminology from [HI] to the setting of the structures considered
here. Given two Banach lattices X and Y, amap 7: X — Y that is linear, isometric and
preserves the lattice operations will simply be called an embedding. If an embedding T
is surjective, it will be called an isomorphism.

In a few places we consider certain Banach lattices only as ordered Banach spaces,
and consider maps that are only linear, positive and isometric. We shall not give any
particular name to such maps (to speak of ordered normed space embeddings would be
appropriate, but needlessly pedantic).

For some purposes we consider convex cones in Banach spaces (e.g., positive cones of
Banach lattices). It is always understood that the vertex of such a cone is at the origin.
Let I'y and I'; be two such cones and 7: I'y — I', be a map. We call T a normed
cone morphism if it is affine (equivalently, additive and positively homogeneous of
degree one) and norm-preserving. Observe that this does not necessarily imply that T
is distance-preserving (e.g., consider the map 7: L{ — R, defined by T(f) = |/f|
for all f).

Terminology

We use standard notation and terminology from functional analysis; for Banach lattice
notions see [LT] [MN] [Sch]. In particular, when we refer to a sublattice of a lattice
ordered vector space, we mean it to be a linear sublattice.

2 The class of doubly atomless BL,L,-Banach lattices

Let 1 < p # g < oo and X be a AL,L,-Banach lattice, and N: X — L,(Q2, A, i)
a g-random norm on X. We say that two elements u,v € X are base-disjoint if
Nx) AN(y) =0.

Let a € X be a non-zero element. We say that a is a base-atom if every decomposition
of a as a sum of base-disjoint vectors is trivial, i.e., one of the vectors is zero. We say
that a is a fiber-atom if in every decomposition of a as a sum of disjoint vectors, the
vectors are in fact base-disjoint.
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Quantifier elimination in L,(L,) 7

We say that X is base-atomless (resp. fiber-atomless) if there is no base-atom (resp.
fiber-atom) in X; and that X is doubly atomless if it is both base-atomless and
fiber-atomless.

The following Lemma shows that these concepts depend only on the Banach lattice
structure of X (not on the random norm); therefore we may speak of base-atomless,
fiber-atomless or doubly atomless BL,L,-Banach lattices.

2.1 Lemma 1) a is a base-atom in X iff for all u,v € X one has
(a=u+v,|ul Alv| =0and|ul]P + ||v[]” = ||u+ v||") implies (u =0 orv =0);
2) a is a fiber-atom in X iff for all u,v € X one has
(a=u+vand|u| A|v| = 0) implies ||[ull? + |[v||F = ||u+ v|]P].

Proof It suffices to prove that two disjoint vectors u,v € X are base-disjoint iff
||u||” 4 ||v||P = ||u+v||P. This condition is clearly necessary; conversely, if it is satisfied,
then

/ (Nuy +NOY) = / (N)? + Nyl

but we have (N(u)” + N(v)’) — (N(u)? —}—N(v)q)p/q >0ifp <gq,resp. <0if p > gq.
Hence the equality of integrals implies

N@y +N@Y = (Nw)? + Nw)Ty/4

which in turn implies that N(u«) and N(v) are disjoint since p # q. a

2.2Lemma Consider X as a band in a space L,(Q, A, p; Ly(Y', A, 1/')). Let Sx be the
support of this band (considered as a measurable subset of Q x '). Let Ry = Qx x Qf
be the smallest rectangle containing Sx. Then X is base-atomless iff the measure
space (Qx, A |qy, tt|ay) is atomless; and X is fiber-atomless iff the measure space
(Qy, A |y, 1|y is atomless.

Proof 1) It is clear that if the measure space (§2x, A|qy, 1t|qy) is atomless, then X is
base-atomless. Conversely, let X be base-atomless and A be a o -finite set in A that
is contained in {2y. Then there exists an element x € X with Q-support A (that is,
Supp(N(x)) = A). If x = u + v is a nontrivial decomposition of x with disjoint random
norms N(u), N(v), then the supports A,,A, of N(u), N(v) are disjoint, have positive
measure and A = A, UA,, so A is not an atom.

ii) Assume that the measure space ({2, ./4"9&7 w |Q;{) is atomless, and let x € X. We
want to find a disjoint decomposition x = u + v with N(u) A N(v) £ 0. Note that it
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8 C W Henson and Y Raynaud

is sufficient to do that for some non zero component of x. (Recall that a component
of x is an element u € X such that x — u is disjoint from u; equivalently u = Px
for some band projection P in X). So we may assume that x belongs to L., and
that the support of x is included in a rectangle A, x A’, where A, (resp. A,) is a
subset of positive finite p-measure (resp. u'-measure) included in Qx (resp. 2%).
If for some decomposition A}, = A} U A}, of A/ into two disjoint sets of positive
measure the vectors u = 1, axand v = 1, Ay X are not base-disjoint, we are done.
Otherwise, for every integer N > 1 we can find partitions A}, = A} U ... UA) and
Ay =A1U...UAy with (/(A) = 1/N, i = 1,...n, such that x = - | 14, 4x. Then
Iell? = S g eaxl? < ol S AN~/ = [l oo sADN /4 — O when
N — o0, which is a contradiction.

Conversely, assume that the measure space (Qy, A'|qy, 1’y has an atom A’, which
necessarily has finite measure. Then for some A € A, the function x = 1444/ is an
element of X. Consider a decomposition x = u 4 v as the sum of two disjoint nonzero
elements u, v; then u = 1y, v = 1y, where U, V form a measurable partition of A x A’.
Since A’ is an atom we necessarily have U = B x A’ and V = C x A’, where (B, C) is
a measurable partition of A. Hence u, v are base-disjoint, and x is a fiber-atom. O

2.3 Lemma a) X is base-atomless iff for every x € X there exist two disjoint elements
u,v € X with x = u+ v and |Jul| = ||v|| = 27 /7|)x].

b) X is fiber-atomless iff for every x € X there exist two disjoint elements u,v € X
with x = u +v and |[u|| = ||v|| = 2= /9||x||.

Proof a) Consider an x in X. If such a decomposition exists for x, then the two
components of x are clearly base-disjoint (by the proof of Lemma 2.1), so x is not a base-
atom; hence the condition is sufficient. Conversely, if X is base-atomless, then it can
be represented as a band in some space L,(£2, A, 11; Lq(Q' , A’ 1)), where the measure
space (€2, .4, 1) is atomless. Then for every x € X there exist disjoint sets A, B € A
such that A U B is the support of N(x) and [[14N(®)||, = [1sN@)|, = 277 ||NX)||,-
Then set u = 14x and v = 1px.

b) A disjoint decomposition x = u + v with |lul| = |[v|| = 27/4||x|| cannot be
base-disjoint (unless x = 0); hence, if such a decomposition exists for every x € X,
then X is fiber-atomless.

Conversely, assume that X is fiber-atomless, and represent it as a band in in some space
L,(Q, A, i Ly(Y, A, 11/)), where the measure space (€', A’, 1//) is atomless. Let x € X
be a non-zero element. Then there exists a component x; of x such that x; # 0 and
N(x1) < 2~ Y4N(x). For, by hypothesis there is a disjoint decomposition x = u + v with
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Quantifier elimination in L,(L,) 9

N(u) A N(v) # 0; since N(u)? + N(v)? = N(x)? we have N(u)? A N(v)? < (1/2)N(x)?.
Denoting the support of (N(u) —N(v))+ by A, we set x; = 14cu+14v. Then x; is a non-
zero component of x and N(x;) = N(u) AN(v) < 2-lan (x). Iterating this procedure
we may find for every k a component x; of x with x; # 0 and N(x;) < 2-k/an (x).

The set C, of components of x can be ordered by the relation u < v iff |u| < |v|
(equivalently, the support of u is included in that of v). Then every linearly ordered
family I' of elements of C, has a least upper bound ur, which is still an element of C,.
Thus by Zorn’s Lemma the set {u € C; | N(u) < 2_1/qN(x)} (which is non empty by
the preceding discussion) has maximal elements. Let ug be such a maximal element.
If N(ug) # 2-lan (x), there is some positive real € and some measurable subset A of
the support of N(x) such that 14N (up) < (2_1/‘1 —e)N(x). Let wo = 14(x — up); we
can find a component w; of wq such that N(w;) < eN(wp), hence N(w;) < elaN(x).
Then u; = ug + wy is a component of x such that N(u;) < 2*1/‘1N(x), up < up
and ug # u;, which contradicts the maximality of uy. Hence N(ug) = 2= IN(x);
consequently if we set vg = x — ug, we have also N(wg) = 21 IN(x), and thus
ol = [[voll = 27"/4]|x]. O

2.4 Remark It results easily from the proof of part (b) of Lemma 2.3 that if X is a
fiber atomless AL,L,-Banach lattice, equipped with a g-random norm N with values
in L,(Q2, A, (1), then for every element x € X and every ¢ € L(£2, A, 1) such that
0 < ¢ <1 there exists a disjoint decomposition x = u 4 v in two components such
that N(u)? = p.N(x)?, Nv)? = (1 — ¢).N(x)?.

2.5 Proposition The classes of base-atomless, resp. fiber-atomless, resp. doubly
atomless BL,L,-Banach lattices are axiomatizable (in the signature of Banach lattices).

Proof By [HR] the class of BL,L,-Banach lattices is axiomatizable. Thus we need only
to give positive bounded sentences in the language of Banach lattices, the approximate
satisfaction of which is equivalent, in BL,L,-Banach lattices, to the property of being
base-atomless, resp. fiber-atomless. From Lemma 2.3 we know that these properties are
respectively characterized by the following statements (expressed in the usual formal
language of mathematics):

(A4 Vo3u [[[Jul A e —ul|| = 0 and [|ul| = 27"/7||x|| and [lx — ul| = 27"/7||x|]
respectively

B) Vo3 [[[[u] Alx —ul]| = 0 and [Jul| = 274 |lx]l and [lx — v]| = 277x|]].
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10 C W Henson and Y Raynaud

Now consider for each real € > 0 the following sentences (which are positive bounded
sentences in the language of Banach lattices):

VxS [[lJul A b — ul|| < e and [[Jul| -27"7||x]| < e

(As)
) and ||lx — ul| — 27 /7|lx|]| < €]
and
Vixiu [|||u] A Jx — ul]| < e and [[|u|—27"9|x]]| <
(B:)

and [[|Jx — vl =274 |lx]] < ¢]

(Recall that in the bounded quantifiers V;x and J;x the variable x is taken to range over
all elements of norm < 1.)

It is easy to see that in all Banach lattices, (Ag) and (By) are equivalent to (A) and
(B), respectively. Likewise, simple homogeneity and continuity arguments show that a
Banach lattice satisfies all the (A;), resp. (B:), € > 0, if and only if it approximately
satisfies (in the sense of [HI]) the positive bounded sentence (Ay), resp. (Bop).

We will show that for ¢ sufficiently small, a BL,L,-Banach lattice X that satisfies
(Ag), resp. (B¢) is in fact base-atomless, resp. fiber-atomless; that is, it verifies (Agp),
resp. (Bp). It follows that for any Banach lattice X in the class BL,L,, approximate
satisfaction of (Ag), resp. (Bg) by X is equivalent to X being base-atomless, resp.
fiber-atomless.

First we prove this claim for the sentences (A:) and the property of being base-
atomless. Assume that X is a BL,L,-Banach lattice satisfying (A ), but that X contains
some non-zero base-atom a. Let u,v € X with a = u+ v, |[Jul A |v||| < €, and
l[|ul| =217 ||a||| < e, |||v]| —27/7||al|] < e. We can find disjoint elements u’, '
in X such that ||u —d/|| <ecand |[v—V| <ec(eg,u =u—up ANv|+u_ Al
Vi=v—vi Alu|l+v_ Alu|). We have then:

bl

la = @'+ < 2e, )] = 27Y7)lall] < 2¢, and ||V - 277 |a]]| < 2¢

Let P, and P, be the projections in X onto the bands generated respectively by ' and
v/, and set:
b=Pya, ¢c=Pya

We have:
b — | = ||Pu(a— @ +V))| <lla— @ +V)| < 2e and similarly ||c — V| < 2e
Note that P = P,/ + P, is also a band projection, and P(u’ +V') = u’ +V'. Thus

la =+ o) = [|d = Puall = |0 = P)a— @ +V)| <lla— @+ <2
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Quantifier elimination in L,(L,) 11

and consequently:
() la=®+0) <2, [|Ibll = 27"7llall] < 4, and [||c] —27"/7]al| < 4.

Observe that since b, ¢ are both components of the base-atom a, their random norms
N(b) and N(c) must be proportional to each other, and thus proportional to ||b|| and
|lc||. Since b and c are disjoint we have N(b + ¢) = (N(b)? + N(c))'/4, and thus:

(*4) 1B+ cll = 1B]| + [lel|)/
From (*) we obtain:

llall =[5 +ell| < 2eand [([[b]|7 + |9/ = 271719 a| < 8e
Therefore conditions (*) are not compatible with (**) if |1 — 2-1/pt1/q | > 10e.

Finally, we we prove our claim for the sentences (B.) and the property of being
base-atomless. Assume now that X is a BL,L,-Banach lattice satisfying (B; ), but that
X contains some non-zero fiber-atom a. Let u,v € X with a = u+ v, ||lu| A [v||| <&,
and [||u| — 279)|a||| < e, [|[v|]| = 27"/4)ja|| < €. Consider, as in the preceding
paragraph, disjoint elements «’,v" in X such that ||ju — /|| < e and [|[v —V/|| < ¢, and

set b = P,ya and ¢ = P,a. We obtain now:
(1) a— @+l <2, [|[b] =27 "4|jal|| < 4e, and |[jc]| =27/ |al|| < 4e

Since the elements b and ¢ are two components of the same fiber-atom a, they must be
base-disjoint. Thus

(1) 1B+ c|| = (||B]]P + [|c[|")'/P

Conditions (1) and (1) are incompatible if |1 — 2~ 1/4+1/P| > 10e. ]

2.6 Proposition Every separable doubly atomless BL,L,-Banach space is isomorphic
to L,([0, 1]; L,([0, 1]) (which we denote by Lp(Lg)). Hence the theory of doubly
atomless BL,L,-Banach lattices is separably categorical (i.e., it has only one separable
model up to isomorphism).

Proof Let X be a separable doubly atomless BL,L,-Banach lattice. It can be rep-
resented as a band in a space L, (21, Ay, j1; Ly(§22, Az, p2)), where (€21, Ay, p11) and
(923, Ay, 1) are atomless measure spaces. Moreover one may assume that the least
rectangle containing the support of this band is €21 x €2;.

First we will show that the spaces L;(21, A1, 1) and L1(£2;, A3, ) are both separable.
Indeed, each of these L;-spaces is isomorphic to a direct sum of spaces of the form
L1([0, 1]%), where [0, 1] is equipped with Lebesgue measure and « is some cardinal
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12 C W Henson and Y Raynaud

number. If for example L();, A, p2) contains a component L (B) ~ Li([0, 1]%) with
K > W, then since the support Sy intersects {2; x B (i.e., the intersection has positive
measure) there is some component Li(A) ~ L{([0, 1]%) of L1(€2, Ay, 1) such that Sy
intersects A x B. Thatis, T: = Sx N (A x B) has positive measure. Since the measure
space [0, 1]* x [0,1]® = [0, 1]*"* is homogeneous, L;(A x B) is isomorphic to its
band Li(T, (A; ® Ay)|7, (11 ® p2)|7); hence this last space is not separable. Then the
band generated by T in X is not separable either (since the norm of X dominates the
Lj-norm up to a constant factor on the set 7', which is of finite measure). So in fact
every component in the decomposition of both L-spaces is separable. On the other
hand both of the measure spaces are o-finite: if for example (2, 4>, o) were not
o-finite, then €, would contain an uncountable family (B,) of disjoint measurable
sets of positive measure. Each of the bands generated by {}; x B, in X would in turn
contain a non-zero element x,, and X would contain an uncountable family (x,) of
pairwise disjoint, non zero elements and would not be separable, a contradiction. This
completes the proof that L (€2, Ay, 1) and Li(€2y, Az, p12) are both separable.

Since both measure spaces (€21,.A1, 11) and (€22, As, up) are also atomless, it follows
that the corresponding L,-spaces are isomorphic to the usual Lebesgue spaces L,([0, 1]).
Thus we may suppose that X is a band in Ly(Lg).

Let fo € X be a positive element of maximal support. We may suppose that N(fp) is an
indicator function; its support is then the base-support Qx of X. Let w = |fy|?; denoting
also by w a non-negative function measurable in the two variables representing w, set

W(s,t):/ w(s, u)du.
0

Then W is a measurable function of the two variables (s, ¢), increasing and continuous
with respect to the second variable, and W(s, 1) = 1. The change of variable formula
for the Lebesgue integral [Ran, Corollary 6.3.17] yields that

1 1
/ h(W (s, u) w(s,u)du = /
0 0

for every h € Li([0,1]). Let Y = L,(2x;L,([0,1]). Then we define a linear map
T: Lo(Qx x [0,1]) into Lo([0, 1]?) by

Tf (s, 1) = f(s, W(s, 1)) fo(s, 1)

1
h(W(s, u)) dWs(u) = / h(r) dt
0

Then clearly
N(If) = N(f).

In particular T defines an embedding from Y into L,([0, 1]; Ly([0, 1])), in fact into the
band generated by fy, which is X. Note that T preserves random norms and is modular
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Quantifier elimination in L,(L,) 13

for the action of L,.({)x), that is

T(ef) = of

forall f € Y and ¢ € L(f2x). Let us show that T is surjective (from Y onto X). If
0<a<l,E,={(s,u)€[0,11* | u < W(s,a)} and F, = Qx x [0, a], we have

W YE) = {(s,1) | W(s,1) < W(s,a)} D Qx x [0,a] = F,

thus
T1g, = (g, o W)fo > 1p,fo

On the other hand N(T1g,) = N(1g,) = W(-,a)"/? = N(1zfy) and thus ||T1g,| =
|1F.fol|. Since the lattice norm on L,(L,) is strictly monotone, we have thus

Tlg, = 15 fp.

By modularity of T we have that 14« r,fo belongs to the range of T for every measurable
subset A of {2y and a € [0, 1]. By linearity and density, the range of T (which is closed
since T is isometric) contains X. So 7': Y — X is an isomorphism.

Finally we may find an isomorphism U from L,({2x) onto L,([0, 1]), e.g., mapping 1¢,
onto |QX|1/P1[0,1J. Then U ® I maps Y onto L,([0, 1]; L,([0, 1]) isometrically. ]

2.7 Corollary For any pair X1, X, of doubly atomless BL,L,-Banach lattices there is
an ultrafilter U such that the corresponding ultrapowers (X1)y, (X2)ys are isomorphic.

Proof By the Downward Lowenheim-Skolem Theorem (see [HI, Proposition 9.13])
every BL,L,-Banach lattice X contains a separable one X, that is an elementary
substructure of X. In particular X and Xy are elementary equivalent. If X is doubly-
atomless, then by Proposition 2.5 so is X, which is thus isomorphic to Ly(Lg), by
Proposition 2.6. Hence all the doubly-atomless BL, L, -spaces are elementary equivalent
and the Ultrapower Theorem ([HI, Theorem 10.7]) shows that any two doubly atomless
BL,L,;-Banach lattices have isomorphic ultrapowers. |

2.8 Proposition The following classes of Banach lattices are closed under unions of
increasing chains:

i) the class of BL,L,-Banach lattices;

ii) the class of doubly atomless BL,L,-Banach lattices.

Proof i) Let (X;);c; be an increasing chain of BL,L,-Banach lattices and X = U;X;

be the completion of their union. By [HR, Proposition 3.6], it suffices to check that
X is a (£,L£,)1-Banach lattice, that is: for every finite family xp,...,x, of disjoint
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14 C W Henson and Y Raynaud

elements of X and every € > 0, there exists a finite dimensional sublattice F' of X and
a vector lattice isomorphism 7 from F onto a finite-dimensional BL,L,-space such
that ||T|| |[T7"|| < 1 + ¢ and dist(x, F) < e, k= 1,...n.

In fact, decomposing xi, k = 1, ..., n into their positive and negative parts, we may
reduce to the case where x; > 0, k = 1,...,n. Then find i € I and yy,...y, in
X;" such that ||xx — y|| < & :=¢/(2n+ 1), k = 1,...n. For j # k we have then
[yl A vl | < 2¢” by the triangle inequality. Setting zj = (v — Vygyi) ., We
obtain positive, disjoint elements zi, ...z, € X; with ||x; — zj|| < 2ne’, j=1,...n.
Since X; is a (£,L,)1-Banach lattice, it contains a finite-dimensional sublattice F
such that dist(zj, F) < ¢/, j = 1,...n and there is a vector lattice isomorphism
T from F onto a finite-dimensional BL,L,-space with ||T||[|[T!|| < 1 +&. Then
dist(xj, F) < 2n+ 1)’ <e,j=1,...n. Since F C X we are done.

ii) We now have to prove that if, moreover, the BL,L,-Banach lattices in the chain are
doubly atomless, then so is X. This is a trivial consequence of the axiomatization of
both base- and fiber-atomless properties by means of a V4 axiom (see the proof of
Proposition 2.5). |

3 Continuation of positive isometries on subcones of L

The following equimeasurability result on the positive axis is known (see [Li, Lemma
2]); for the sake of completeness we give a short proof, following [Ray].

3.1 Lemma Let o be a positive real number that is not an integer. Let p,v be two
probability measures on [0, +00), each having a moment of order «. If

400 +oo
/ (t+ )" du(r) = / (t+ a)® dv(r) o)
0 0

forevery a > 0, then p = v.

Proof Assume first 0 < o < 1. We make use of the formula

Feo _use du
VS>0, Sa—ca/o (1—€MS)W.
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Quantifier elimination in L,(L,) 15

Then by Fubini’s theorem

400 +oo  ptoo . du
| araraun—co [ [T S aun -
0 0 0 u

+oo +oo d
Ca/ [1 —/ e Uit d,u(t)} a:t_l
0 0 u

+oo —ua du

where £ denotes the Laplace transform of p. For all u > 0, set

1 — Lyu(u)
Ma—l—l

(I),u(u) =

Observe that £,,(u) < 1, hence ®,,(u) > 0 for all u > 0. If we put a = 0 in the above
formula, we get

—+00 “+00
Ca/ @, (u) du = / t*du(t) < +oo
0 0

+oo +o00o 1 —eua
/O (t+ a)* dp(t) = Ca/O (ua-H +e—”“4>“(u)> du =

=a"+ Lo, (a)
Hence equation (1) implies that L3, = Lg,, ; then by injectivity of the Laplace transform
[Ka, p. 63] we have &, = ®,,s0 Li = Lv, and thus p = v.

SO

This proves the Lemma in the case 0 < oo < 1. Now if a > 1, we may differentiate
both sides of equation (1) with respect to a and obtain

+00 +o0
o / (t+a)* duin = a / (t+a)* Ldv(r)
0 0

which is exactly the result of replacing o by o — 1 in equation (1). Iterating, we descend
to the exponent 5 = a — [a] (the fractional part of ) which satisfies 0 < 8 < 1 unless
a € N, and we conclude the proof using the above reasoning. a

3.2 Proposition Let (€2, A, P) be a probability space and o« > 0, o ¢ N. Assume
that fi,...,fu, &1, -, &n are elements of the positive cone of L. (S}, A, P) satisfying

n n
I+ Ml = 114D Mgl 2

j=1 j=1
for every system (\i,...,\,) of positive coefficients (1 denotes the constant unit
function). Then the random vectors (f1, ... ,f,) and (g1, ..., g,) have the same joint

probability distribution.
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16 C W Henson and Y Raynaud

Proof From Lemma 3.1 we see that for any Ay, ..., A\, >0
n n
dist (D Aff) = dist (3 Vig;)
j=1 j=1

Let v¢, resp. v be the probability distribution of the random vector f = (f1, .., f,), resp.
g = (g1,-.-, gn)- We have for every A\, ...\, € Ry

/ exp [ - Z )\jtj] dve(t) = / exp [ - Z )\jt] du,(1)
RY =1 R j=1

and therefore

Lvy = Lv,;

i.e., vy and v, have the same multivariate Laplace transform. By injectivity of
the multivariate Laplace transformation (e.g., see [Ka, Theorem 4.3]) it follows that
Vf = Vg. O

3.3 Proposition Let 0 < o & N and T' C L} (i) be a subcone of the positive cone of
some L, (u)-space. Let T: T' — L} (v) be a normed cone morphism into the positive
cone of another L., -space. Then T extends uniquely to an isomorphism from the closed
sublattice generated by 1" onto the closed sublattice generated by T(L").

Proof The argument follows familiar lines (see Hardin’s [Ha, proof of Theorem 2.2]).
The uniqueness of this extension, if it exists, is clear. We show its existence.

a) We assume first that p, v are probability measures, I' contains the positive constants,
and that 7 maps constants to constants (71 = 1).

Then by Proposition 3.2 we have dist (7f1, ..., If,) = dist(f1, ..., f,) for every fi,....fn €
I". In particular for all Borel subsets By, . .., B, of R we have u({f; € Bi,i = 1,...n}) =
v(Tf; € B;,i = 1,..n). Set p({f; € B;,i = 1,...n}) = {If; € B;,i = 1,...n} for every
finite system (f1, ..., f, B1, ..., By,); this map is well defined up to sets of measure zero
and preserves measure. It extends first to a Boolean measure-preserving isomorphism
from the ring of measurable sets generated by the f € I' onto that generated by the
Tf € T(I'), and then between the o algebras o(I') and o(T(I")) generated by I', resp.
T(T"). This isomorphism in turn induces an isometry U, from L,(£2, o(I'), 1) onto
Lo (', o(T(I")), v). Approximating every f € I' by step functions on sets a; < f < b;,
one sees that U, restricts to 7 on I'. Moreover the sublattice £ generated by I" is clearly
included in L, (2, o(I'), 1), and since U, is an embedding, its restriction to E gives the
desired extension of T (in fact since 1 € I it turns out that E = L, (2, o(I'), p)).

Journal of Logic & Analysis 3:11 (2011)



Quantifier elimination in L,(L,) 17

b) We treat now the general case. If ® = {fi,....f,} is a finite subset in I, the cone
I'g generated by ® has an element of maximal support f = f; + ... +f,. This is
also the maximal support of the closed sublattice generated by I's. Let Sg be the
support of f and S, that of Tf. After a change of density (reducing to the case where
f=1s,, If = 15{1)) limited to the bands generated by I'g, resp. T7(I'g), the argument
in part (a) gives an isomorphism Ug from the closed sublattice generated by I'g onto
that generated by 'z, , which extends Tp, . If ®; C ®,, then U%‘p(bl = Us, by
uniqueness, so there exists a common extension U of all Ug’s to a map from the
sublattice generated by I" onto that generated by T(I'). Since U, U~! are isometric
they extend to the closures. |

4 Quantifier elimination for the theory of doubly atomless
BL,L,

Let us first recall what it means for a normed structure M to be w; -saturated. For
r > 0 we let B, denote the closed ball of radius r in M. Then M is wj-saturated
if for every countable subset C of M, every set ['(xy,...,x,) of positive bounded
formulas in the signature of M in which elements of C are allowed as parameters, and
every r > 0, if each finite subset of I'(xy, ..., x;,) can be satisfied in M by elements
X1,...,X%, of By, then the entire set I'(xy, ..., x;) can be satisfied in M by elements of
B,. (This definition is equivalent to [HI, Definition 9.17] in view of [HI, Proposition
9.20].)

In this section we sometimes need that certain normed structures are wi-saturated.
For this reason we consider ultrapowers with respect to a given countably incomplete
ultrafilter /. Indeed, when the signature of a normed structure M is countable (as is
the case for Banach lattices) and U/ is countably incomplete, the ultrapower Mg, is
wq -saturated. (See [HI, Proposition 9.18].)

The definition of wy -saturation as well as the preceding observation extend without
difficulty to the case of p-normed structures, 0 < p < 1. (See [JL, p. 1102] for
the definition of p-norms.) We shall use the following two facts about w; -saturated
structures:

— An wq -saturated and order-continuous Banach lattice L is not o -finite; that is, for
every sequence (cx | k > 1) of elements of L there exists a non-zero element x of L that
is disjoint from every c,. (Proof: for every n > 1 there exists a normalized element x,
in L with [|[x,| A |ex||| < 1 forall k =1,...,n. Applying w;-saturation of L using the
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18 C W Henson and Y Raynaud

countable set of parameters C = {c, | k > 1} and the set of positive bounded formulas
L) = {l[x| Alelll < 1| nk > 1}U{|lx]| = 1} yields a normalized element x
satisfying |||x| A |cx||| = O for all k.)

—-If 0 < a < oo and L, (2, A, 1) is atomless and w; -saturated, then every embedding
T from a sublattice of L,[0, 1] into L,(£2, A, 1) can be extended to an embedding
of L,[0,1] into L,(2, A, ). This is proved in [HI, Example 13.18] in the case
1 < a < 00, and the proof extends easily to the non convex case 0 < o < 1 (where L,
is only a-normed).

41Lemma Letl <p,q < oo andlet) be a fiber-atomless AL,L, -space.

a) For every g € L[‘f, y € YV and € > 0 there exists x € ) such that N(x) = g and
Il A I < (gl + y1D-

b) If Y = Yy for some AL,L,-Banach lattice Y and some countably incomplete
ultrafilter U, the preceding statement is true with € = 0.

Proof a) We may assume ¢ < 1. Since the random norm N maps ) onto the positive

cone of the associated L,-space, there is xo € )V with N(xo) = g. Because ) is

fiber-atomless, we may find a component z of |xo| + [y| with N(z) = eN(|xo| + |y]).
: S

Setting x = ¢ Nl pn % We have

x| A y] < x| A (xol + [yD) < (67 2D A (1xo| + [y = I2]
and hence:

N(x| Alyl) < N(z) = eN(|xo| + |y]) and [|[x| A ly[[| < elINChol +[¥[I) < eCllgll +- [ly[D-

b) Assume that Y is represented as an AL,L,-space, with random norm N: Y — L (for
some abstract L,-space L). Then )y is represented as an AL,L,-space, with random
norm Ny : Yy — Ly. The pair (Y, L) of Banach lattices, together with the additional
function N: A — L (which is 1-Lipschitz) form a 2-sorted normed space structure in the
sense of [HI]. Its ultrapower (Y, L, N)y = (Y, Ly, Nyy) is w -saturated, so statement
b) follows immediately from a). a

4.2 Proposition Let 1 < p,q < oo with o :=p/q ¢ N and U a countably incomplete
ultrafilter. Let X,Y be BL,L,-Banach lattices with X separable, Y doubly atomless.
For every proper closed sublattice E of X and every embedding T from E into Yy,
there is a proper extension T of T  that is still an embedding.

Journal of Logic & Analysis 3:11 (2011)



Quantifier elimination in L,(L,) 19

Proof We may represent X as a band in some separable L,(2, A, p1; Ly(€Y', A’, 1)) and
assume that Y is equipped with a g-random norm N with values in some atomless L, -
space L,(S, X, v). Then Yy, is equipped with a random norm with values in the abstract
L,-space (L,(S, X, )y that we may represent as a concrete L,-space LP(S‘ , f), 7). Fix
g € X\ E. Itis sufficient to prove that for every finite-dimensional sublattice F of E
the restriction Tr of T to F has an extension T to the sublattice generated by F and g
that is an embedding. Indeed this is equivalent to the existence of an element % in Yy,
satisfying
||t(Tf17 ceey Tfna )\17 ooy )\m’ h)H = ”t(fl’ --afn’ )\17 ceey >\m7g)H

for every lattice term #(x1, ..., X, t1, ..., Iy, y) and every choice of parameters f1, .., f, € F,
AL, ...y Am € R. One can make this set of conditions I'r countable by taking a countable
dense subset of parameters. Consider a sequence (F,) of finite-dimensional sublattices
of E that generates E as closed sublattice of X. The existence of such a sequence
results, for example, from the representation of the order-continuous Banach lattice E
as a Kothe function space and a standard argument based on approximation by simple
functions. By wj-saturation of Y7, there is an element & € Y7, that satisfies all the
conditions in the union of the sets I'r, . Then there is a isomorphism T from the closed
sublattice generated by E and g into Y, extending 7 and such that fg = h, and such
an extension is clearly unique.

So in the following we may suppose that E is finite-dimensional. Fix disjoint positive
elements fi, ...f, generating E; set u =y ;_, f;. Let go be the component of g in the
complementary band E (the subspace of elements of X that are disjoint from E).
We shall assume also that g = go + 14u for some measurable set A C Q x Q. Then
iterating the above procedure we shall be able to treat the case where g = go + v.u
where -y is a simple function, and finally, by a density argument, the case of a general
g. Let ¢; = N(f)? and ¢; = N(Tf;)?. Let g = 14f; and g/ = 14f;; note that the
closed sublattice generated by E and g is simply the linear span of go, g, &/, ..., & &0 -
Set ¢ = N(gD?, ¢/ = N(g{)? and g = N(go)?. Note that p; = ¢ + ¢} for all
i=1,...,n. Forevery \j,..., \, € R we have

IS A1 = IV AHIE = 110 NG 18 = 1Y IV gilla
J j

J J
and similarly

I AT, = 1D Xl
J J
Hence for any positive coefficients Ay, .., A, > 0, we have

1> Neilla = 1D Atlla-
j j
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20 C W Henson and Y Raynaud

By Proposition 3.3 there is an unique isomorphism V from the closed sublattice
generated by ¢y, .., ¢, onto the closed sublattice generated by 1, ..,%, such that

V(p,‘ = '(ﬂ,g i = 1,...,1’1.

7

Let Ay = a(wo, ¢}, ¢ .... ¢}, ©h) be the generated o-algebra. Since (L (S, X, v))y is
an wi -saturated and atomless L, -space (recall that Y7, is base-atomless like Y') there
exists an embedding U, extending V, from L, (Ap) into this L, -space. We have

Vi = Upi = Ug; 4+ Uyp}

forevery i = 1,...,n, with Uy}, Up! > 0. We need to find a disjoint decomposition
Tf; = hi + h} € Yy such that

N(h)? = U}, N(h{)? = U]

Since Yy, is fiber-atomless, for every y; € Loo(€2,%,7) with 0 < x; < 1 we can
find disjoint elements /i, and A in Yy such that Tf; = hi + h! and N(h)? =
XiN(Tf)?, N(h!)? = (1 — x;)N(Tf;)? (see Remark 2.4). In the present case, choose
Xi = (U /1. Also take hy € (Yy¢)+ disjoint from hy, ..., hy, such that N(hg)? = Ugpy.
Such an element exists by Lemma 4.1(b), since the ultrafilter / is countably incomplete
and the ultrapower Yy, is fiber-atomless. We have then forevery Ao, A, A{, ..\, A € R

N(Noho + > _jh; + N/ID)" = Dol "N o) + 3 (XIINGR? + X 1PN YD
j=2 j=2

n
= [Mol1Uspo + > _(NU} + |\ |7Ug])
j=2

j=2

while similarly

n n
N(dogo +>_(Njgj + Ng)" = [l o + > (Nl + AT
j=2 j=2

Since U is an isometry, this implies
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IAoho + > (NH; + XEDIIG = [N (Aoho + > (N} + X'BD) |,
j=2 j=2

= [N (Nogo + Z()\}g} +A'e) o
=2

n
= [ hogo + > _(Njgj + NgDl%,,
j=2

Thereforg, we may define an embedding T extending T by setting Tgo = hy, Tgf =
ki, and Tg/ =h!, fori=1,...n. O

4.3 Corollary Let 1 < p,q < oo with o :=p/q & N and U a countably incomplete
ultrafilter. Let X,Y be BL,L,-Banach lattices with X separable, Y doubly atomless.
For every closed sublattice E of X and every embedding from E into Yy, there is an
extension T of T to the whole of X that is still an embedding.

Proof Using Zorn’s Lemma one finds a maximal extension T of the given embedding
to some closed sublattice £ of X. By Proposition 4.2 we necessarily have £E =X. O

4.4 Corollary Forevery 1 < p,q < oo with o := p/q ¢ N, the theory of doubly
atomless BL,L,-Banach lattices has quantifier elimination.

Proof By [HI, Proposition 13.17] it is sufficient to prove that every embedding 7’
from a sublattice E of a separable doubly atomless BL,L,-space X into another doubly
atomless BL,L,-space Y can be extended to an embedding from X into a suitable
ultrapower of Y. This is an immediate consequence of Corollary 4.3 if we take an
ultrapower of Y defined by a countably incomplete ultrafilter. a

5 A counterexample to QE for integer values of p/q (# 1)

As in Lusky’s paper [Lu] we consider the interval I = (0,00) equipped with the
measures 1 and po defined by

dp(f) = Le (1 + sint) dt and dps(f) = e (1 — sint) dr.

In view of the identity

. g2 . ST
/ e~ sintdt = T(s)2~/ sin =~ foralls > 0
0
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/ * dyy 2/ *duy
0 0
/ £ =/ m
0 0

for every integer m and every f in the cone generated by the functions *, £ € N. In
particular if we consider the cone C generated by the functions 1 and f; : 7 — ¢*, the
identity operator 7' = id|c: C — C is norm-preserving for the norms of Ly, (411), resp.
L,,(un) (for any integer m > 1).

we have

for all k£ € 4N. Hence

5.1 Lemma Let m be an integer > 1. There is no positively linear extension
T: Ly(u1)+ — Ln(up)+ of T with ||T|| < 1 (that is, ||Tf||m < ||f||m for every
f € Lu(p)+)-

Proof If such an extension T exists, then || Tf || < ||f]|oo forevery f € Loo(11); since
0 <f <1 implies 0 < Tf <T1=1. By a standard lattice interpolation argument we
obtain ||Tf|, < |If|l, for every f € L,(11)+, for every m < q < oo. This is indeed a
simple consequence of the identity

u’ =inf{au+b | a,b>0,a°b' "% = Cp}

which is valid for every # > 0 and 0 < 6 < 1 with Cy = 01— 1fm < qg < 0,
set @ =m/q. Forevery f € Ly,(i)4 we have g :=f1% € L,(j1) . Then using the fact
that T is non-decreasing, positively linearand 71 =T1 =1

Tf =T =T( inf ag+bl)< inf aTg+bT1=(Tg)
abpl—o Co agbI*GZCg

hence
1T1lly < 1T g = 1Tl < llglly = lIFlly
Now we compare the L,-norms of f; and Tfl =ThH
+oo
ITANE = IAl1E = —2/ 3¢ sintdt = —2727'T(4(g + 1)) sin[(g + 7]
0

For every m we can find ¢ > m such that the last expression is strictly positive, i.e.
| Tfillg > |Ifill4, which is a contradiction. O

The following result is a consequence of some of the results in [GR] in the case where
E = F. In the separable case it is implied by the results of Koldobskii [Ko]. Since the
results of [GR] are somewhat dispersed and are stated in greater generality, we give
here a self-contained proof.
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5.2 Lemma If T is an embedding of a space E = L,(11; L,(v)) into a space F =
L,(1/; Ly(v")) there exists a positive and isometric linear map S from Ly(yt) into L,(yt')
such that

Vf € E [N(If) = SN(f))]

Proof We first remark that 7 maps base-disjoint vectors onto base-disjoint vectors.
For, T maps disjoint vectors onto disjoint vectors, and if f, g are base-disjoint

1Tf + Tl = |If + ll” = 1P + llgll” = [ITf11” + [ Tg]l”
hence Tf, Tg are base-disjoint (see the proof of Lemma 2.1).

We now show that N(7f) depends only on N(f). If the space L,(v) has dimension 1 this
is trivial (then N(f) = |f| and N(Tf) = N(|Tf|) = N(T|f]) since T is an embedding). If
L,(v) has dimension at least 2, we can decompose it into two complementary bands By,
B, (hence L,(v) = By ©y By). Let E; = L,(j;B;), i = 1,2. If x; € B;, i = 1,2 are
two non-zero vectors and ¢ € L,(1), then setting f; = ¢ ® x;

/ (NCTRY! + NP9 dyl — / NCTH + TRY dif = | TG + 1))

= i + L7 = (x|[T+ szIIZY’/‘stDIIZ
= (IA |7 + Lll9P/4 = (| TA || + | TH||19P/4
= (INCT)|E + INCTR)|[2P/A.
In other words
INCTAY! + N |,/q = INCTF /g + INCTEY /g

i.e., the functions N(7f1)? and N(Tf,)? satisfy the equality case in Minkowski’s inequality
if p > g, resp. the reverse Minkowski inequality if p < g. This is possible only if they
are proportional, hence N(Tf>) = AN(Tf;) with A = ||[N(TH) ||, /IINCTf)|, = L1/ 1A ]]

and since
R
. - . - ) L= ?
(B3 I

we obtain
N(1fi)  N(Tfh)

bl fleall ™

for some element o € L} (1) satisfying [|a||, = [|¢¢]|,. Itis clear that o depends only
on ¢ (not on the particular choice of the x; € B;); accordingly, we shall write o« = A(p).
Moreover if x € L,(v), denoting by x; its component in B;

N(T(p@x)) = (N(T(p@x1))+N(T(p2x2)M) 1 = (1| 7+]|x2]|) ' 9A(p) = [|x[|ACp).
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Since the equality of the first and last term was also clear in the case where L,(v) is
1-dimensional, from now on we do not make any assumption about the dimension of
Ly(v).

The map A: L} (u) — L} (i) is clearly homogeneous of degree one and preserves
disjointness (since 7' preserve base-disjointness). It follows immediately that A is
additive on simple functions in L;r (), and since it is continuous (by continuity of 7') it
is additive on Lj(u). It is extended to amap S: L,(u) — L,(v) by setting

p =1 —0withy,0 € L) (1) = S() = A®®) — A(D).

Then S is a positive linear isometry since (denoting by (4 and ¢_ the positive and
negative part of )

1Sell” = [lAp+) = AlpIIIP = [[Ale- DI + IA I = [l I” + [l I = [le]”-

Note that if ¢y, .., ¢, are disjoint elements in L[‘f(u) and xi, .., x, are arbitrary vectors
(not necessarily disjoint) in L,(v) we have

N(T(D wi®x) =Y N((Tei®x)) = |llSt)
=S lxller) =SV wi @ x)).
By density of the simple functions in L,(u; L,(v)) we obtain

N(Tf) = SIN())
forevery f € E. O
53Lemma Letn > 1 beaninteger, 1 <p # q < oo, a=p/q, L, =L,(Q, A, pn),
Ly =LY, A, i) and E = L,(L,). Assume that L, is at least n-dimensional and
denote by L., the Lebesgue space L,(f2, A, j1). If the theory of the Banach lattice E

satisfies quantifier elimination, then for all n-tuples p = (1, .., pn), ¥ = (Y1, .., ¥n)
in L} such that

VAL oA € Ry (1D Nigilly = 1D Aiill)
i=1 i=1

there is a normed cone morphism S, from L} into the positive cone L of some
ultrapower L of L, such that Sop; = i, i =1, ...n.

Proof We can find f = (fi,...,fu) and g = (g1, ..-g») in E such that the f; (resp the
g;) are pairwise disjoint and N(f;))? = ¢;, N(g))? = v;, i = 1,...,n. Then for every
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AL, -, An € R we have

N(Y M) =D il
i=1 i=1

N> hig) =D [hile
i=1 i=1

hence . .
| Z Aifille = |l Z Aigill g-
i=1 i=1

Thus the linear map Ty : span(f;) — E such that Tof; = g;, i = 1,...,n is an isometry;
in fact F := span(f;) is a sublattice of £ and Ty is an embedding. By quantifier
elimination for E there exists an embedding 7 from E into some ultrapower Ey; of
E such that Tf; = g;, i = 1, ..n (see [HI, Proposition 13.17]). Ey, is an AL,L,-space
with random norm taking values in (L,);, and can be viewed as a band in some
(Lp)u(Ly(v))-space (up to an isomorphism preserving the (L, );,-valued random norm).
That is, we can replace T by an embedding into (L,)y/(Ly(v)). By Lemma 5.2 there
exists a positive isometric linear map S of L, into (L) such that

N(If) = SN(f)

for every f € L,. Since every isometric linear and positive map between L, -spaces
automatically preserves the lattice operations, S induces embeddings S, of the whole
scale of corresponding L, -spaces, defined by

Sof = (sgn SF)(S|f|*/Py/e
In particular for o = p/q this embedding L, — (S, )y satisfies

Seipi = (Si’ ) = (SN(5))T = N(g)? = 1

foralli=1,...n. O

5.4 Proposition Let Ly, = L,([0, 1]) and L, be any at least 2-dimensional L, -space.
Then for p/q € N, p/q > 1 the theory of the Banach lattice Ly(L,) does not satisfy
quantifier elimination.

Proof Let u1, pp be the measures on (0, co) defined at the beginning of the section,
and fy = 1, fi: t — t* be the functions considered in Lemma 5.1. Let a = p/q and U,
resp. V be isomorphisms from Lq(141), resp. Lo(up) onto L ; set o; = Uf;, v; = Vf;,
i = 1,2. By construction of fi,f, we have

[A1e1 + Xw2lla = [[M1%1 + Aotz
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for all scalars A1, \y. If Ly(L,) has quantifier elimination, then by Lemma 5.3 there are
an ultrapower (L, ), and an embedding S: L, — (L) such that Sp; = ¢;, i =0, 1.
Then T =V, ISU is an embedding from L, (i) into L, (u2)y preserving the functions
Jo,f1- Since a > 1 there is a positive contractive projection P from L, (u2);, onto
Lo (p2). [In the present case it can be presented as the weak limit projection, but its
existence also results from the fact that every sublattice of L,, o > 1 is contractively
complemented.] Then PT restricts to a positively linear norm-decreasing map from
LY (1) to LY (1) fixing 1 and f;, which contradicts Lemma 5.1. O

In particular, it follows from Propositions 2.6 and 5.4 that the theory of doubly atomless
BL,L,-Banach lattices does not have quantifier elimination when 1 < p # g < oo and

p/q € N.

6 Model completeness for integer values of p/q (# 1)

In this final section we discuss (without proofs) the theory of doubly atomless BL,L,-
Banach lattices in the cases where it does not have quantifier elimination. Namely, we
consider 1 < p # g < oo such that p/q is an integer. Although this theory does not
have quantifier elimination (as was shown in the previous section), it does have the
slightly weaker property of being model complete.

A theory T is said to be model complete if whenever X, Y are models of 7 and X is a
substructure of Y, it is always the case that X is an elementary substructure of Y. This
is obviously true when T admits quantifier elimination. In classical model theory, T is
model complete iff every formula is equivalent in T to an existential formula, which is
one written in prenex normal form as

Fxp o e, - Xy Vs e ey V)

in which ¢ contains no quantifiers. In the setting of Banach lattices, in which one
uses an approximate logic such as the logic of positive bounded formulas [HI], model
completeness is expressed equivalently by the condition that an arbitrary formula can
be approximated arbitrarily closely by a sequence of existential formulas (uniformly on
bounded balls of each fixed radius in all models of the theory).

A “soft” way to prove model completeness in certain cases is provided by the following
special case of a theorem that is due to Lindstrom in the setting of classical model
theory:
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6.1 Proposition Let T be a theory of Banach lattices that has no finite dimensional
models. If T is separably categorical and the class of models of T is closed under
unions of increasing chains, then T is model complete.

Proof See Theorem 7.3.4 in [Ho] for a proof of the analogous result in classical model
theory. This proof can be easily adapted to the current setting, using tools from [HI].
We omit the details. |

6.2 Corollary For every 1 < p # g < oo, the theory of doubly atomless BL,L,-
Banach lattices is model complete.

Proof The theory of doubly atomless BL,L,-Banach lattices is axiomatizable by
Proposition 2.5, so it is the class of all models of its theory. Clearly every doubly
atomless BL,L,-Banach lattice is infinite dimensional. The theory of this class is
separably categorical by Proposition 2.6 and it is closed under unions of increasing
chains by Proposition 2.8. The Corollary follows using Proposition 6.1. a

We remark that Corollary 6.2 allows us to identify the theory of doubly atomless
BL,L,-Banach lattices as the model companion of the theory of all BL,L,-Banach
lattices. First we discuss the concept in general. Suppose we are given theories S, T
in the same language. We say S is a model companion of 7 if (a) every model of T
embeds in a model of S; (b) every model of S embeds in a model of 7'; and (c) S is
model complete. In that situation it can be shown that S is uniquely determined by 7.
Indeed, letting Ty be the theory of the class of substructures of models of 7', the model
companion S of 7" will (when it exists) have exactly the existentially closed models of
Ty as its models. (A discussion of model companions in the setting of classical model
theory is in [Ho, pp. 198-200]; this material can be easily carried over to the positive
bounded setting.) In model theory, the passage from a given theory 7 to its model
companion S (when it exists) often yields a theory with very good model theoretic
properties that can also be used to study (substructures of) models of T'.

6.3 Corollary The theory of doubly atomless BL,L,-Banach lattices is the model
companion of the theory of all BL,L,-Banach lattices.

Proof Each of the classes mentioned is axiomatizable (by Proposition 2.5 and [HR,
Corollary 2.10]); thus each is the class of all models of its theory. The theory of doubly
atomless BL,L,-Banach lattices is model complete by Corollary 6.2, and it extends the
theory of all BL,L,-Banach lattices. Finally, every BL,L,-Banach lattice is contained
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(as a band) in an L,L,-Banach lattice, which can be extended to a doubly atomless
L,L,-Banach lattice (by extending its underlying measure spaces to atomless measure
spaces). O

We conclude by indicating directions for further research:

The paper [BBH] contains an extensive study of model theoretic properties of atomless
L,-Banach lattices. In particular, it is shown that the theory of this class is w-stable, and
the model theoretic independence relation of this theory is characterized using familiar
concepts from analysis. Further, it is shown that canonical bases exist as tuples from
the model. The corresponding properties should be studied for the theory of doubly
atomless BL,L,-Banach lattices.

In particular:

(1) Suppose X, Y are doubly atomless BL,L,-Banach lattices and a € X" and b € Y"
are finite tuples; what does it mean for (X, @) and (Y, b) to be elementarily equivalent?
That is, what do model theoretic types express in doubly atomless BL,L,-Banach
lattices? (For the meaning of types in atomless L,-Banach lattices see Proposition 3.7
in [BBH] and the discussion following it, as well as Proposition 5.4 in [BBH].)

(2) Is the theory of doubly atomless BL,L,-Banach lattices stable? If so, (a) for which
cardinals k > w 1is this theory x-stable? (b) What is the model theoretic independence
relation for this theory? (c) Do types have canonical bases that are sets of ordinary
elements, or must one add imaginaries? (For the answers to these questions for atomless
L,-Banach lattices, see the following results in [BBH]: Theorem 3.15 for (a); the theory
is r-stable for every k. Theorem 4.12 and Lemma 5.11 for (b). Theorem 6.2 for (c);
canonical bases that are sets of ordinary elements do exist.)
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