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Absoluteness of the Riemann Integral

CARLOS M. PARRA-LONDONO
ANDRES F. URIBE-ZAPATA

Abstract: This article explores the concept of absoluteness in the context of
mathematical analysis, focusing specifically on the Riemann integral on R”. In
mathematical logic, absoluteness refers to the invariance of the truth value of
certain statements in different mathematical universes. Leveraging this idea,
we investigate the conditions under which the Riemann integral on R” remains
absolute between transitive models of ZFC —the standard axiomatic system in
which current mathematics is usually formalized. To this end, we develop a
framework for integration on Boolean algebras with respect to finitely additive
measures and show that the classical Riemann integral is a particular case of this
generalized approach. Our main result establishes that the Riemann integral over
n-rectangles in R” is absolute in the following sense: if M C N are transitive
models of ZFC, a,b € R" "M, and f: [a,b] — R is a bounded function in M,
then f is Riemann integrable in M if, and only if, in N there exists some Riemann
integrable function g: [a,b] — R extending f. In this case, the values of the
integrals computed in each model are the same. Furthermore, the function g is
unique except on a measure-zero set.
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1 Introduction

In mathematical logic, the concept of absoluteness describes the invariance of the
validity of certain statements across different universes of mathematics —or fragments
of mathematics— that we call models. Broadly speaking, a statement is absolute
relative to two models if it retains its validity in both, reflecting a logical stability
that does not depend on the extensions of the model (see Section 2.4). For example,
the so-called Ay formulas —those whose quantifiers are bounded— are inherently
absolute. Consequently, many fundamental notions in set theory, such as the empty set,
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union, intersection, Cartesian product of sets, being a function, an ordinal, and even a
natural number, are absolute between any transitive model and V, the universe of set
theory. Although A formulas are too elementary in a certain sense, there are results
that guarantee the absoluteness of more complex formulas, such as the Mostowski
Absoluteness Theorem and the Shoenfield’s Absoluteness Theorem (see eg Mejia and
Rivera-Madrid [19]). The first one states that any analytic subset of the Baire space
N is absolute for transitive models of ZFC —the standard axiomatic system in which
current mathematics is usually formalized. The second one states that any E% subset of
the Baire space is absolute for certain models of ZFC (see Kechris [10]). Beyond these
results, the absoluteness of more complex formulas is often related to the existence of
so-called large cardinals (see eg Bagaria and Rosch [2], and Bagaria [1]).

The notion of absoluteness transcends the boundaries of set theory and model theory,
significantly influencing areas such as number theory, geometry, topology, and even
the philosophy of mathematics. For instance, absolute definitions of natural numbers
ensure their stability across a wide variety of models, providing a robust foundation for
arithmetic analysis even in more general contexts, such as non-standard analysis, which
has applications in many diverse areas of mathematics (see eg Loeb and Wolff [18]). In
geometry and topology, the notion of absoluteness enables the identification of certain
geometric properties that remain invariant with respect to the considered universe. This
makes the concept a valuable tool in the interaction between geometry and model theory
(see eg Chang and Keisler [6], and MacLane and Moerdijk [14]). From a philosophical
perspective, the notion of absoluteness addresses fundamental questions about the
nature of mathematical truth, allowing a distinction between properties that depend on
particular axioms and those that have a universal and invariant character. This approach
provides essential tools for examining the relationship between axioms, definability,
and provability (see eg Lemanska [17], Krél [12], and Halbach [7]).

In this paper, we focus on studying the absoluteness of a concept from mathematical
analysis: the Riemann integral. This is unexpectedly motivated by problems related to
forcing theory and consistency proofs. Specifically, in 2000, Saharon Shelah proved
in [22] that a certain cardinal invariant, called the covering number of the null ideal,
may have countable cofinality, thus solving a problem posed by David Fremlin that
had remained open for nearly 30 years (see Uribe-Zapata [23, Section 5.1]). To
achieve this, Shelah introduced a new forcing technique which —without being too
technical— involves the use of finite-support iterations accompanied by finitely additive
measures on P(N), which satisfy certain special conditions. Recently, based on Shelah’s
aforementioned work and another article by Jakob Kellner, Saharon Shelah, and Anda
Ténasie [11], Miguel A. Cardona, Diego A. Mejia, and the second author, in [5],
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introduced a general theory of iterated forcing using finitely additive measures'. To
prove one of their main results —specifically, the theorem of extension at successor
steps (see [5, Section 7.2])— it was necessary to rely on the absoluteness of the integral
for certain functions in YN with respect to finitely additive measures on P(N). This
result was not difficult to obtain, as the functions in question were defined on N, which
is absolute for transitive models of ZFC (see Section 2.4). However, the situation is
quite different in the case of the Riemann integral. Since the set of real numbers is
not absolute, if we have two transitive models M C N of ZFC, and in M we have
a bounded real-valued function defined on some n-rectangle [a, b], then interpreting
f in N may result in f not being defined on the whole [a, b], as new real numbers
may appear in N (see Fact 2.21). This makes the analysis of the absoluteness of the
Riemann integral a more complex problem. In this article, we address it and establish
the following main result, which corresponds to Theorem 3.19.

Theorem 1.1 Let M,N be transitive models of ZFC such that M C N, and n € N.
Leta = (ag,...,an—1) and b = (by...,b,_1) be in R" N M such that for any i < n,
a; < b;, and [a,b] = Hi<n[a,-7b[]. In M, assume that f: [a,b] — R is a bounded
function. Then, f is Riemann integrable in M if, and only if, in N there exists some
Riemann integrable function g on [a, b] extending f. In this case,

() =)

where the left value is the result of the Riemann integral computed in M, and the right
one is the result of the integral computed in N. Moreover, g is unique except in a
Lebesgue measure zero set: if in N, g* is another Riemann integrable function on
[a, b] extending f, then there exists some measure zero set E C [a, b] such that for any

x €la,b]\ E, g"(x) = g(v).

To prove Theorem 1.1, in the first part of Section 2, we review some elementary
properties of finitely additive measures on Boolean algebras, and in the second part, we
introduce the needed basic notions of absoluteness. Finally, in Section 3, following the
basic ideas to develop the Riemann integral on closed intervals, and based on Uribe-
Zapata [23, Chapter 3], Mejia and Uribe-Zapata [20], and [4] —an ongoing project by

'A preliminary version of this general theory of iterated forcing with finitely additive
measures was introduced in the master’s thesis of the second author (see [23]). In this thesis, an
entire chapter was dedicated to the study of integration on Boolean algebras, and some results
concerning the absoluteness of this integral were proven, upon which this article is based (see
[23, Chapter 3]).
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Miguel A. Cardona, Diego A. Mejia, and the second author, which conducts an in-depth
study of finitely additive measures and their integrals on Boolean algebras— we define
a notion of integral on Boolean algebras with respect to finitely additive measures, we
prove that this integral is absolute for transitive models of ZFC (see Theorem 3.14),
and that the Riemann integral over rectangles in R” is a particular case of this integral
(see Theorem 3.12). This framework will allow us to prove several results related to the
absoluteness of our integral over Boolean algebras and, in particular, prove our main
result Theorem 1.1.

2 Preliminaries

In this section, we will introduce the basic notions of finitely additive measures on
Boolean algebras, study some of their fundamental properties, and examine their
relationship with filters and ultrafilters.

We begin by introducing some notation and essential concepts of Boolean algebras.
2.1 Boolean algebras
Recall that # = (A, N\, V,,04, 1 ) is a Boolean algebra if % is a non-empty set,

A,V are binary commutative and associative operations on %, — is a unary operation
on A, 14,04 € A, and the following properties are satisfied for all a, b, c € £:

(1) Absorption: (3) Identity:
(@ (a@aVvbyAb=b, (@) aNlg=a,
®) (@aAb)Vb=hb. b)) av0g=a.
(2) Distributivity: (4) Complementation:
@ (@Vvb)ANc=(aANc)V(bAc), (@) aV-a=1g,
(b) (aNb)Vc=(@a@Vc)ANDbVec). (b) aAN—-a=0g4.

The operations A and V are known as meet and join respectively. Also A,V and — are
known as the Boolean operations of 4.

The canonical example of a Boolean algebra is the power set: Consider a non-empty set
X. Then (P(X),N,U, <, 0, X) is a Boolean algebra, where ¢: P(X) — P(X) is defined
by A := X \ A.

Definition 2.1 Let & be a Boolean algebra and a,b € £.
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(1) a\b=aAN—b. 3) %t :=2\{0z}.
2) a<gbifanb=a. (4) a, b are incompatible if aAb = 04.

Notice that, \ is a binary operation on % and < is a partial order on ., which allows
us to characterize the values of the operations V and A: if a,b € %, then a A b and
aV b are the infimum and the supremum of {a, b}, respectively, in the sense that they are
the minimum upper bound and the maximum lower bound, respectively, with respect to
the order <. If I is an arbitrary set, and {b;: i € I} C %, we can define \/,_; b; and
Aicy bi in a similar way but, in general, existence is only guaranteed when 1 is finite. A
Boolean algebra such that every infinite subset has a supremum is called complete, and
a Boolean algebra in which every countable non-empty subset has supremum is called
o-complete.

Let % be a Boolean algebra. A Boolean sub-algebra of % is a non-empty subset
¢ C A thatis closed under the Boolean operations of %. Consequently, € is itself a
Boolean algebra, and it contains both 04z and 1.

Recall that a Boolean homomorphism is a function h: 8 — € —where % and ¥ are
Boolean algebras— that preserves the Boolean operations, that is, #(a Ab) = h(a) Ah(D),
h(a vV b) = h(a) V h(b), and h(—a) = —h(a) for all a,b € %, which implies that
h(0%) = 04 and h(1p) = 1. A Boolean isomorphism from 2 into € is a bijective
Boolean homomorphism from % onto % .

Example 2.1 Let X, Y be non-empty sets and h: X — Y a function.

(1) The map f,: P(Y) — P(X) defined by f,(A) :== h~'[A] for every A C Y is
a homomorphism. Furthermore, f;, is an isomorphism if, and only if, h is a
bijection.

(2) More generally, if % is a Boolean sub-algebra of P(X), then € = h™ (%) is a
Boolean sub-algebra of P(Y), where h (%) := {A C Y: h™'[A] € %}, and the
map fi,: € — 2B defined by fi,(c) := h~'[c] forevery ¢ € € is ahomomorphism.
Furthermore, f}, is one-to-one if and only if h is onto, and if F[9] = €, then h
is onto, where F: 'P(X) — P(Y) is defined by F(A) := h[A] for every A C X.

As a consequence of Stone’s representation theorem (see eg Bell and Machover [3,
Theorem 4.1]), we can characterize any Boolean algebra using P(X) for some set X.

Theorem 2.2 Every Boolean algebra is isomporhic to a Boolean sub-algebra of P(X)
for some set X.
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The core of the proof of Stone’s representation theorem is the notion of ultrafilter, which
we introduce in the following definition.

Definition 2.3 Let & be a Boolean algebra.

(1) A filter on % is a non-empty set F' C % such that:
(a) ifx,ye F,thenxAy€EF,
b) ifxeFandx<gy, theny € F,
(c) Ox¢F.
(2) An ultrafilter on 2 is a filter F C 98 such that, for any b € A, either b € F or
-beF.
(3) We say that a non-empty set I C Z is an ideal on 2 if it satisfies the following
conditions:
(a) ifx,yel, thenxVyel,
(b) ifxelandy <gx,thenye€l,
) lgé¢l

Filters and ideals on a Boolean algebra are dual notions in the following sense.

Fact 2.4 Let A be a Boolean algebra and F C A. Define F~ = {—a: a € F}. Then
F is a filter on 9 if, and only if, F™ is an ideal on .

It is straightforward to show that the intersection of all Boolean sub-algebras of %
containing a given subset B is itself a Boolean sub-algebra of Z. This sub-algebra,
known as the Boolean sub-algebra generated by B, is the smallest —with respect to
C— Boolean sub-algebra of # containing B. This is denoted by (B) 4, or simply (B)
when the context is clear. In this setting, B is referred to as the generating set of (B) 5.

Since filters are upwards closed and closed under A, and ideals are downwards closed
and closed under V, we can characterize the Boolean sub-algebra generated by a filter
as follows.

Fact 2.5 Let % be a Boolean algebra. If F C A is a filter, then (F) = FUF™. Asa
consequence, F is an ultrafilter on % if and only if (F) = 2.

We close this subsection by introducing the notion of free filter.
Definition 2.6 Let X be a non-empty set. We say that F C P(X) is a free filter if it is a

filter containing all the co-finite subsets of X. Equivalently, if F is an ideal including
all finite subsets of X.
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2.2 Finitely additive measures on Boolean algebras

Without resorting to the notion of ¢ -algebra, we can generalize the idea of measure
in the context of Boolean algebras: a measure on a Boolean algebra 4 is a function
m: & — [0,00] such that m(0») = 0 and, if {b,: n € N} C A is such that
Ven bn € £, then

m (\/ b,,) =Y it
neN neN

whenever for any i,j € N, if i # j, then b; A\ b; = 04. If we weaken this condition and

enforce it only for finite sets of elements, we get the notion of finitely additive measures

on Boolean algebras.

Definition 2.7 Let & be a Boolean algebra. A finitely additive measure on % is a
function =: # — [0, oo] satisfying:

(1) 2(0%) =0,

(2) Z(aV b)==(a) + =(b) whenever a,b € Zand aNb=04.
We say that b € & has =-measure § if =Z(b) = J. In general, we exclude the trivial
finitely additive measure, that is, when talking about finitely additive measures, we will
always assume Z(14) > 0. We will occasionally use the acronym “fam” or “FAM” to
refer to finitely additive measures.

There are several types of finitely additive measures. In the following definition, we
introduce some of them.

Definition 2.8 Let % be a Boolean algebra and = a finitely additive measure on %.
Then:
(1) We say that = is finite if =(14) < oo.
(2) When E(1z) = 1, we say that = is a probability finitely additive measure.
(3) If Z(b) > 0 forany b € AT, we say that = is strictly positive.
(4) If £ is a Boolean sub-algebra of P(X), we say that = is a free if, for any x € X,
{x} € # and E({x}) = 0.

We adopt the name free finitely additive measure in connection with the notion of free
filter (see Definition 2.6).

Example 2.2
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(1) Let # be a Boolean algebra, = a finitely additive measure on it, and b € %
with positive finite measure. We define the function =,: 4 — [0,1] by

Zp(a) = E(E“(g)b) for any a € . It is clear that =, is a finitely additive
probability measure.

(2) Let X be a non-empty set. For a finite non-empty set u € P(X), we define

=4 P(X) — [0, 1] by Z4(x) = 'jjf' for any x € P(X). We call this the uniform

measure with support u.

In general =¥ is not strictly positive. To guarantee the existence of more interesting
finitely additive measures, we must require that the Boolean algebra has more structure,
for instance, to be o-centered. Recall that a Boolean algebra & is o -centered whenever
2%+ can be decomposed as a countable union of ultrafilters on 4.

Theorem 2.9 Every o -centered Boolean algebra admits a strictly positive probability
finitely additive measure.

Proof Let # be a o-centered Boolean algebra witnessed by {F,: n € N}. For any
b € A, consider w, :={n € N: b € F,} and set =: B — [0, 1] such that

_ 1
E) =) T

ncwp

Let a,b € B such that a A b = 04. Itis clear that w, Nwp = 0 and w, Uwp C Wavp.
Conversely, let m € wayp, S0 aV b € Fy. If m ¢ w, and m ¢ wy, then —a € F,, and
-b € F,,, and therefore, —(a V b) = —a A -b € F,,, which is a contradiction. Thus,
wa U wp = wevp, and we can calculate

Eavb) = Y ﬁ:Zﬁ—&-Zﬁ::(a%}—E(k).

nEwquvp nEwg newp

Finally, it is clear that = is strictly positive and, since 14 € F, foralln € N,w;, = N,
hence =(14) = 1, thatis, = is a finitely additive probability measure. O

In general, proving the existence of interesting finitely additive measures requires the
Axiom of Choice, which relies on non-constructive methods (see eg Lauwers [15]).
In the next section, we will explore the close relationship between finitely additive
{0, 1}-valued measures and ultrafilters, from which finitely additive measures naturally
arise as examples (see Lemma 2.13).

Next, we show some elementary properties of finitely additive measures.
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Lemma 2.10 Let % a Boolean algebra, = a finitely additive measure on %, and
a,b € $B. Then:
(1) Ifa <z b then Z(a) < Z(b).
(2) E(aVb)+E(aNb)==ZE(a)+ Z(D).
(3) IfZ(aV b) < oo, then =(a) — E(b) < E(a \ b) and Z(b) — Z(a) < E(b \ a).
(4) Ifne N and (b;: i <n) C A, then

= (\/ bl-> < Z =(b;).

i<n i<n
Furthermore, the equality holds whenever (b;: i < n) is a sequence of pairwise
incompatible elements of 4.
() E(z) =E=0b) +E(D).

Proof (1): Assume that a <4 b. Since b =aV (b\ a) and a A (b \ a) = 04, we have
that Z(a) < Z(a) + Z(b \ @) = Z(b). Thus Z(a) < Z(b).
(2): Since a = (aAb)V(a\b) and (aAb)\(a\b) = 05, we get Z(a) = Z(aAb)+Z(a\b).
Similarly, we have that Z(b) = Z(b \ @) + Z(b A a). As a consequence,

E(a) + Z2(b) =[E(@aNDb)+ =@\ b)+ ZbB \ a)l + Z(a ANb) = Z(a V b) + Z(a A D).

(3): Follows from (2) since Z(a) — Z(b) = Z(a \ b) — Z(b \ a).

(4): By an inductive argument, it is enough to prove it only for two elements by, b; € 4.
By (2), Z(bg V b1) < E(bo V b)) + Z(bo A b1) = ZE(bg) + Z(b1) and the equality holds
when by A by = 04.

(5): Straightforward from (2). O

We close this section by showing that we can transfer finitely additive measures using
Boolean homomorphisms.

Definition 2.11
(1) Let A, € be Boolean algebras and f: ¢ — % a Boolean homomorphism. If =
is a finitely additive measure on %, define the finitely additive measure induced
by f and = on €, denoted =, by Zy(c) := E(f(c)) forall c € €.
(2) Let X, Y be non-empty sets, h: X — Y, 4 a Boolean sub-algebra of P(X), = a
finitely additive measures on %, and € := h—(%#). We define 5 := =;,, where
fn is as in Example 2.1.

Fact 2.12 =, is a finitely additive measure. Moreover, =), is a probability if and only
if 2 is a probability. Furthermore, if for any x € X, {x} € %, and h is finite-to-one,
then =, is free if and only if = is free.
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2.3 Connections with filters and ultrafilters

In this section, we study the connection that exists between the {0, 1}-valued finitely
additive measures and the ultrafilters on a Boolean algebra.

We start by showing that every filter F' naturally induces a finitely additive probability
measure on (F).

Lemma2.13 Let % be a Boolean algebraand F afilteron %. Then Z¢: (F) — {0, 1}
such that, for any b € (F),

| if beF,
Er(b) =
0 if beF,

is a finitely additive probability measure. Furthermore, if G is another filter on 4, then

Moreover, if F C P(X) for some set X then F is free if, and only if, = is free.

Proof Notice that = is well-defined because, by Fact 2.5, (F) = F U F™ and those
sets are disjoint. Since F is a filter, by Fact 2.4, F™ is an ideal, so O € F, hence
Zr(05) = 0. To show that = is a finitely additive measure, let a,b € (F) such
that aANb =0g. If a € F, then b € F, hence Zp(aV b) = 1 = =p(a) + =Zp(b).
The case a € F~ and b € F is analogous. If a,b € F™, then aV b € F, that is,
Er(aV b) =0 = Ep(a) + Zp(b). Thus, = is a finitely additive measure on (F), and
clearly =r(15) = 1.

Now, assume that F C G and let b € (F). On the one hand, if b € F, then b € G and
therefore, Zp(b) = 1 = Zg(b). On the other hand, if b ¢ F, then Zp(b) = 0 < Eg(b).
Thus, in any case =r(b) < ZEg(b). Conversely, assume that = < Zg and let b € F,
hence 1 = Zp(b) < Zg(b), therefore =g(b) = 1, thatis, b € G. Thus, F C G.

Finally, that F is free if and only if ZF is free follows directly from the definitions of
freeness (see Definition 2.6 and Definition 2.8 (4)). O

If we choose a suitable ultrafilter, we can use Lemma 2.13 to construct an example of a
finitely additive measure that is not a measure.
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Example 2.3 Let % be a Boolean sub-algebra of P(X), where X is a countable set,
and let F C % be an ultrafilter on A. It F is a free on 9, then = is a finitely additive
measure on A that is not a measure on . Indeed, assume that F is a free on . We
already know that = is a finitely additive measure on 98 by Fact 2.5 and Lemma 2.13.
Now, since X is countable, we can write X = {x,: n € N}. For any n € N, define
B, = {x,}. Notice that B is co-finite, and therefore, B, € F, thatis, B, € F™.
Thereby, =p(B,) = 0 for any n € N. However, X € F because it is co-finite, hence
=r(X) = 1. Thus,

=r (U Bn> =ErX) =1#£0=) Er(B,).

neN neN

Consequently, = is not a measure on A.

Conversely (see Lemma 2.13), finitely additive probability measures also induce filters
and in some cases, ultrafilters.

Lemma 2.14 Let A, € be Boolean algebras with € C %, and =: € — {0,1} a
finitely additive probability measure. Define F= := {c € ¢": E(c) = 1}. Then:

(1) Fz isafilteron % .

(2) If p is a finitely additive probability measure on ¢ then F= C F, if and only if
=<p.

(3) (Fg)=¢%.

(4) ZEp. = E, where Ep_ is asin Lemma 2.13.

(5) F=s, =F, where Zp is as in Lemma 2.13.

(6) F= is an ultrafilter on & if and only if 8 =€ .

Proof (1): Let ¢,d € F=. By Lemma 2.10 2, Z(c Ad) = 2 — =(c V d), and therefore
E(cANd)=1.Thus, cANd € F=. Now, if a € € and ¢ <¢ a, by Lemma 2.10 1,
Z(a) > Z(c) = 1, hence =Z(a) = 1. Thus, a € F=. Finally, since Z(05) = 0, it follows
that 0z ¢ F=. Thus, Fz is a filter on %

(2): Let c € €. If p(c) < E(c) then ¢ € Fz and ¢ ¢ F,, which shows that F= C F,
implies = < p. The converse is clear.

(3): By Lemma 2.10 4, if ¢ € ¥ and Z(c) = 0 then Z(—c¢) = Z(l¢) — Z(c) = 1, hence
—c € Fz, thatis, ¢ € FE. Thus, € = F= UFE = (FE>

(4): Since ¥ = (F=), E and Ep_ have the same domain. For ¢ € ¥, we have that
Hr=(c)=1%&cc Fz < EZ(c) = 1. Thus, Ep. = E.
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(5): It is clear since, for any ¢ € €, ¢ € F if and only if Zr(c) = 1 if and only if
cE FEF-

(6): Straightforward. |

In general Fz is not a filter on Z8. To obtain this, we need to close it upwards.

Corollary 2.15 Let & be a Boolean algebra and ¢ a Boolean sub-algebra of .
Then every finitely additive probability measure =: ¢ — {0, 1} induces a filter on 2,
namely, F; ={b€ AB:3c € F=(c <z b)}.

As a consequence of Lemma 2.14 and Lemma 2.13, we can establish some relations
between the collections of filters, ultrafilters and {0, 1} -valued finitely additive proba-
bility measures associated to a Boolean algebra. However, we need to introduce some
notation first.

Definition 2.16 For a given Boolean algebra %, let U Fz be the collection of all
ultrafilters on Z. Notice that U F is partially ordered by inclusion. Similarly, let
FAMy 1.4 be the collection of all {0, 1}-valued finitely additive probability measures
on #. Notice that, F AM, | 5 is partially ordered by the point-wise order on functions
<.

If we apply Lemma 2.14 to ultrafilters we obtain an order-preserving one-to-one
correspondence between finitely additive measures and ultrafilters on a given Boolean
algebra.

Corollary 2.17 For any Boolean algebra %, (UF»,C) and (FAM, 1 #,<) are
order-isomorphic via the map ¥ z: UF 5 — FAM 1 5 defined by ¥ »(U) := =, for
every ultrafilter U on A.

In particular, ultrafilters are particular cases of finitely additive measures.

2.4 Notions of absoluteness
In this subsection, we introduce the basic elements of the notions of absoluteness. A

reader unfamiliar with these notions may refer to Kunen [13] and Jech [8]. We start by
introducing the notion of relativization of a formula to a class.
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Definition 2.18 Let M be a class and ¢ a formula in the language of set theory.
The relativization of ¢ to M, denoted by ™ is defined recursively based on the
complexity of ¢, as follows:

(1) If ¢ is atomic, that is, of the form x = y or x € y, then M = .

(2) If p = =), then pM = —ypM.

(3) If ¢ = YA, then o™ := xyM AyM . Similarly for the other logical connectives.

4) If ¢ = Fxp(x), then o™ = Ix € M[¢pM(x)]. Similarly, for the universal

quantifier.

We now introduce one of the central notions in this paper: absoluteness.

Definition 2.19 Let M and N be classes such that M C N and ¢ a formula in the
language of set theory. Then:

(1) We say that ¢ is absolute for M, N, denoted by M <, N, if p(x1, ...,x,) isa

formula with at most the free variables xi, ..., x,, and

v e MM (@) < oM@,

where d = (ay, . .., a,) denotes an n-tuple of elements in M.
(2)  issaid to be absolute for M if it is absolute for M, V, where V is the universe
of set theory.

Recall that a class M is transitive if, for any x € M and y € x, it follows that y € M.
A quantifier of the form “dy € x” or “Vy € x” is referred to as a bounded quantifier, and
a formula in which all quantifiers are bounded is called a Ay formula. These formulas
can be constructed recursively and are well-known to be absolute for transitive classes
(see Kunen [13]). As a result, several elementary set-theoretic notions —such as the
empty set, being a subset, transitive set, function, bijective function, finite set, natural,
rational, or real number, and basic operations like union, intersection, or Cartesian
product— are absolute for transitive classes. On the other hand, we also have that the
sets of natural and rational numbers are absolute for transitive models of ZFC as well,
that is, if M is a transitive class, then NM .= M NN=Nand QM = MNQ = Q.
Somewhat more complex notions, such as being an upper bound of a subset of real
numbers, are also absolute. Using this, we can prove that the notions of supremum and
infimum for subsets of real numbers are also absolute. Specifically,

Lemma 2.20 Let M, N be transitive models of ZFC such that M C N. If X € M and
X CRM := RN M, then sup™(X) = sup"(X) and inf”(X) = infN(X).

Journal of Logic & Analysis 17:6 (2025)



14 Carlos M. Parra-Londorio and Andrés F. Uribe-Zapata

Proof Let X € M such that X C RM. Itis clear that, in N, sup¥(X) is a upper bound
of X, so sup"V(X) < sup¥(X). Now, towards a contradiction, working in N, assume
that sup”(X) < sup™(X) and let r € Q such that sup(X) < r < sup¥(X).

Now, working in M, since the notions of upper bound and rational number are absolute
for transitive models, we have that r is a rational number in M, and it is an upper bound
of X, hence sup¥(X) < r. This implies that » < r in N, a contradiction. Therefore
sup"(X) = sup¥ (X).

Finally, the proof for inf¥(X) = inf™(X) follows similar lines. O

We focus now on the notion of real number. Although the sets of natural and rational
numbers are absolute for transitive models, this is not the case for the set of real numbers.
It is well known that this set is not absolute for transitive models of ZFC. For instance,
the forcing method can be used to construct, given a model M of ZFC, an extension N
of M such that RY := RN M C RY := NN R, that is, an extension of M containing
new real numbers not present in M. Similarly for the case of R"”. As a consequence,
the following result holds in general.

Fact2.21 IfM,N are transitive models of ZFC and M C N, then (R"™ C (R")V. In
particular, if a,b € R"NM and a < b then la,bM := [a,b]NM C [a,b]" = [a,b]NN
and [a,b]™ is dense in [a, b]" .

In many interesting cases inclusions in Fact 2.21 are strict: (R") C (R™)™ and
similarly [a,b]™ C [a,b]".

=

3 Riemann integration on Boolean algebras

The primary goal of this section is to prove the absoluteness of the Riemann integral
(see Theorem 1.1 and Theorem 3.19) and other related results concerning the absoluteness
of integration over Boolean algebras (see Section 3.3). To achieve this, we will begin
by extending the classical notion of Riemann integral within the framework of Boolean
algebras, as outlined in Mejia, Uribe-Zapata and Cardona [4], and in Uribe-Zapata [23,
Chapter 3].
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3.1 Integration on Boolean algebras

In this subsection, fix a Boolean sub-algebra & of P(X) for some non-empty set X,
and some finitely additive measure =: % — [0, §], where § is a positive real number.

We start by defining partitions and their refinements:

Definition 3.1

(1) PE= is the set of finite partitions of X into sets in dom(=).

(2) If P,Q € P=, we say that Q is a refinement of P, denoted by Q < P, if every
element of P can be finitely partitioned into elements of Q.

(3) If P=(P,: n<n*) and Q = (Qp: m < m*) are in P=, we define:

PI‘IQ::U{PnﬂQm:n<n*/\m<m*}.

P PQ

Figure 1: A graphic example of P11 Q.

For example, it is clear that {X} € P= and if P € P=, then P < {X} and P < P.
Moreover, < is a partial order on P=. Furthermore, for P, Q € P=, PI1Q is acommon
refinement of P and Q:

Lemma3.2 IfP,Q € PE, then PN Q e P= and PN Q < P, Q.
We can now define the integral with respect to =:

Definition 3.3 Let f: X — R be a bounded function. We define:
(1) Forany P € PZ,

S=(f, P):= ) sup(fIbDE(b) and S=(f, P) := ) | inf(f[b)Z(b).

bepP beP

(2) [yfd= = inf {S(f,P): P € P=} and [,fd= := sup {S(f,P): P € P=}.
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(3) We say that f is Z-integrable on X, denoted by f € (=), if and only if
[WfdE = [ fd=. In this case, this common value is denoted by [, fd=.

Naturally, when the context is clear, we omit the superscript “Z” in “S™(f, P)” and
“SE(F, )

For example, it is clear that any constant function is =-integrable. Concretely, if for all
x € X, f(x) =ceR, then [, f(x)d= = cE(X).

Lemma 3.4 Letf: X — R be a bounded function. If P, Q € PZ and Q < P, then

S(f,P) < S(f,0) < S(f, Q) < S(f, P).
As a consequence, S(f, Q) — S(f, Q) < S(f, P) — S(f, P).

We can use P 1 Q to get the following result.

Corollary 3.5 If P,Q € P=, then S(f, P) < S(f, Q). As a consequence, the following

inequality holds: o
/ fd= < / Jfd=.
Jx X

We will now proceed to prove the result we refer to as the Criterion of =-Integrability,
which, analogous to the case of the Riemann integral, allows us to characterize the
E-integrability of a function in terms of the existence of suitable partitions.

Theorem 3.6 Letf: X — R be a bounded function. Then, f is =-integrable if, and
only if, for all € > 0, there exists a partition P & P= such that S(f, P) — S(f, P) < €.

Proof On the one hand, assume that f € .# (=) and let € > 0. By basic properties of
sup and inf, we can find P, Q € P= such that

/de—E <SU’,P)andSO”,Q)</de—|—E.

Consider R := PM Q. By Lemma 3.2, R € P= and it is a common refinement of P and
Q. So, by virtue of Lemma 3.4, S(f, P) < S(f, R) and S(f, Q) < S(f, R). Therefore,

/de—‘€ <S(f,R)andS(f,R)</de+€.
X 2 X 2

Thus, S(f,R) — S(f,R) < «.
On the other hand, let P € P= such that S(f, P) — S(f, P) < <. Hence,

/de §§(f,P) <S(f,P)+¢e < /de—i—e.
X JX

Since ¢ is arbitrary, by Corollary 3.5 it follows that f € .7 (Z). a
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In fundamental aspects, the integral with respect to finitely additive measures behaves
similarly to the Riemann integral, that is, we have available the basic properties of
the integral such as those presented in Uribe-Zapata [23, Section 3.5], and Mejia,
Uribe-Zapata and Cardona [4], for instance:

Lemma 3.7 Letf,g: X — R be Z-integrable functions and ¢ € R. Then:

(1) fg and cf are Z-integrable and [, (cf)d= = c [, fd=.
(2) Let {fi: i < n} be a finite sequence of =-integrable functions. Then };_, f; is

=-integrable and
/){(Zf) E=) </Xﬁd5>.

i<n i<n

(3) Iff < g then [, fd= < [, gd=.

3.2 Riemann integration on R”

In this Subsection, on the one hand, following the ideas of Munkres [21], we review
some basic notions of Riemann integration over n-rectangles in R”. On the other hand,
we show that this is a particular case of the integration introduced in Section 3.1.

For the rest of this article, we fix n € N and two points

a=(ag,...,an_1), b=(bo,...,bp_1)

in R” such that a < b, that is, for any i < n, a; < b;. We also denote by A" the
Lebesgue measure on R" and [a, b] = Hl. <nlai, bi]. A partition of some interval
[x,y] C Risafinite collection P = {p;: i < m} of increasing real numbers in [x, y] such
that po = x and p,,—; = y. Each interval [p;, piy1] is called a sub-interval determined
by P. Similarly, a partition of the n-rectangle [a, b] is a n-tuple (Py, ..., P,_1) such
that for any i < n, P; is a partition of the interval [a;, b;]. If for any i < n, I; is some
sub-interval determined by P;, then R := []. <n i 18 a sub-rectangle of [a, b] determined
by P. Denote by Sp the collection of all sub-rectangles of [a, b] determined by P.

If f: [a,b] — R is a bounded function, for R € Sp, define mg(f) := inf{f(x): x € R}
and Mg(f) :== sup{f(x): x € R}. We also define

L(f,P) =) mp(DA'(R) and U(f,P) =) Mx()A"(R).

ReSp ReSp

We say that f is Riemann integrable if and only if for any € > 0, there exists some
partition P of [a, b] such that U(f, P) — L(f, P) < €. In this case, we define the Riemann
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18 Carlos M. Parra-Londorio and Andrés F. Uribe-Zapata

integral of f on [a, b], as follows:

/ SfdN" := sup {L(f, P): P is a partition of [a, D]} .
[a,b]

Recall that, a function o: [a, b] — R is a step function if there exists some partition
P = (P;j: j < m) of [a,b] such that ¢ is constant on the interior of each R € Sp.
Notice that the value of o on the boundary of each R is not important for the purposes
of integration, since this boundary has measure zero in R”. In the following result,
we can characterize Riemann integration in terms of step functions (see eg Jones [9,
Section 7.A.3)]).

Lemma 3.8 A bounded function f: [a,b] — R is Riemann integrable if and only if
for any € > 0O there are step functions o, T on [a, b] such that o < f < T, except on

some measure zero set, and
/ (7 — o)dA\" < €.
[a,b]

To show that the Riemann integral is a particular case of the integration defined
previously in Section 3.1, we introduce the following notation.

Definition 3.9 Let £ C X. We define Z|g := {ENb: b € #}, which is a Boolean
sub-algebra of P(E). When E € £, we denote Z|g = E[%|g, which is a finitely
additive measure on %|g.

Definition 3.10 Let %" be the collection of all subsets of R” which are finite
unions of n-rectangles of the form [c,d) = [[;_,[ci,d) with ¢ = (co,...,ca 1),
d=(dy,...,d,_1)and ¢ <d in R".

Notice that %" is not a Boolean algebra because, although () € %" and it is closed
under U, N, and set difference, R" ¢ % .

Fact 3.11 Define \" .= A"[%". Then:

1) X(@® =o0.
2) N (UpenIn) = D men N'Um) whenever (I,,: m € N) is a pairwise disjoint
sequence of elements in %" .

(3) Forany c,d € R" with ¢ < d, N'([¢,d)) = [],_,(d;i — ¢)).

i<n

By Definition 3.9, %" |(4,5) is a Boolean sub-algebra of P([a, b]) and \"|(4 5 is a finitely
additive measure on P([a, b]). Using this, it follows that the Riemann integral over R"
is a particular case of our integral over Boolean algebras.
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Theorem 3.12 Let f: [a,b] — R be a bounded function. Then, f is Riemann
integrable if, and only if, it is X"|(4 5 -integrable. In this case,

fAN" = JAN |1a,p1-
[a,b] [a,b]

Proof Straightforward using Theorem 3.6. |

3.3 Absoluteness of the Riemann integral

In this subsection, we present several results related to the absoluteness of the integral
that we defined in Section 3.1. In particular, we use Theorem 3.12 to prove the main
result in this article: the Riemann integral is absolute for transitive models of ZFC
(see Theorem 1.1 and Theorem 3.19).

We start by proving some preliminaries results in ZFC.

Theorem 3.13 Let %Ay, 1 C P(X) be Boolean algebras such that 8y C %, and
Zo, Z1 be finitely additive measures on By and %, , respectively, such that =y C Z;.
Let f: X — R be a bounded function. Then f € (=) implies f € #(=;). In this

case,
/deo = /del.
X X
The converse implication holds whenever %y = ;.
Proof Forany P € P=0 we have that §50(f, P) = §51(f, P) and SEO(f, P) = §El(f, P).
Consequently, {Sz,(f,P): P € P=} C {Sg,(f,P): P € P} and, in a similar way,
{S,(f,P): P € P=0} C {Sc (f,P): P € P='}. Therefore,
/fd51 =inf{Sgz,(f,P): P € P, } <inf{Sg,(f,P): P € P} = /deo, and

X X

/deo = sup{Sg (f,P): P € Pz,} <sup{Sg,(f,P): P € P=1) = /del.

JX JX

As a consequence,

) /deoé /fdzl < /fdal < /deo.
JX JX X X

Thus, if f is Zg-integrable, then f is Z-integrable, and it is clear that their values
coincide.
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To prove the converse, notice that if Ay = %, then 5y = = and P=0 = P=! and
therefore, inequalities in (1) ares really equalities. Thus, f € # (=) if and only if
f € Z(E)1), and it is clear that the values of the integrals are the same. a

We can now prove that the integral with respect to finitely additive measures in Boolean
algebras is absolute for transitive models of ZFC.

Theorem 3.14 Let M, N be transitive models of ZFC such that M C N. Let #,Z,X
in M be such that 28 C P(X) is a Boolean algebra and E is a finitely additive measure
on A. If f: X — R is a bounded function in M, then

fesg@Me[fesr@.

(f=) = (=)

Proof By Lemma 2.20, we have that

In this case,

PHM = (PZY, SL(f, P) = S=(f, P), and S¥(f, P) = SX(f, P).

Consequently, {§g(f ,P): Pc (PEM} = {§g(f ,P): P € (P5)V}, and in a similar way,
{S¥(f,P): P e =M} = {SY(f,P): P € (P=)V} . Therefore, by taking the infimum
in the first equality and the supremum in the second, we get:

( Ade)M _ ( /deE)N wa (i) = ([=)

which proves the result. |

Corollary 3.15 Let M,N be transitive models of ZFC such that M C N. Let
Zo, By € M and E1, B, € N. Assume that =y, =, are finitely additive measures on
PBo and P, respectively, such that =y C =) and By C H; C P(X) for some set
XeM. Letf: X — R be a bounded function in M. Then:

If € SE)M = [f € ZEDI.

([~ (=)

In this case,
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We now focus specifically on the Riemann integral on R". Notice that the property of
absoluteness for the Riemann integral does not follow directly from Theorem 3.14: if f is
defined on [a, b] in M, as established in Section 2.4, it is possible that [a, 5] C [a, b]",
which implies that when we consider f in N, it could be not defined on the whole
[a,b]", according to the interpretation of [a, b1V . Therefore, in N, it is necessary to
extend the function and integrate over a larger set. Due to this situation, the proof for
the Riemann integral requires additional effort.

Recall from Example 2.1 and Definition 2.11 that, if 2: X — Y is a function and 4 is
a Boolean sub-algebra of P(X), then the collection 1 (%) := {A C Y: h~'[A] € &}
is a Boolean sub-algebra of P(Y) and, if = is a finitely additive measure on %, then
=y is a finitely additive measure on A~ (%).

Lemma 3.16 Let X, Y be non-empty sets, h: X — Y a function, %x a Boolean
sub-algebra of P(X), By := h™'(Px), and = a finitely additive measure defined on
PByx. Let f: Y — R be a bounded function. Then:

(1) Forany P € P=", there are P* € P=" and Q € P= such that P* < P and
Se,(f, P*) = S=(f o h, Q) and S (f, P*) = S=(f o h, Q).
(2) If h is one-to-one, then for any Q € P= there exists some P € P=" such that

S=(f o h, Q) = Sg,(f, P) and S=(f o h, Q) = Sz, (f, P).

Proof (1): Let P € P=:. Define P* := P {ran h, (ran h)°}. Hence, P* € P, itis a
refinement of P, and for any A € P*, either A C ran h or ANran h = (). Consider the set
R:={A € P*: A C ran h}. Notice that, if A € R then A = h[h~![A]] and, otherwise,
En(A) = 0. Define Q := {h~'[A]: A € R}. Clearly Q € P=. As a consequence,

S=,(f, P = > sup(fIADEHA) = Y _sup(fIADERA) + Y sup(f[ADZH(A)

AepP* A€R AeP*\R

= " sup(f [nh~ANDEGAD = Y sup(f o ABDE(B)
A€ER BeQ

= §E(f o h, Q).

Similarly, §Eh(f, P)=S=(foh,Q).

(2): Assume that & is one-to-tone. Let Q € P=. Define P := {h[B]: B € Q}U{(ranh)‘}.
Clearly, P € P=¢, and

Sz,(f,P) =Y _ sup(fIADEx(A) = Y _ sup(f[A[BINEn([B])

AeP BeQ
=Y sup(f o h[B)Z(B) = S=(f o h, Q).
BeQ
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The proof for the lower sum is similar. O

As a consequence, under the conditions of Lemma 3.16, integrability is preserved under
composition as well as the value of the integrals.

Theorem 3.17 Let X, Y be non-empty sets, h: X — Y a function, $x a Boolean
sub-algebra of P(X), By = h " (Px), and = a finitely additive measure on Py . Let
f:Y — R be a bounded function. Then:

(1) Iff € S(Z)) thenfoh € F(Z) and

/deh:/foth.
Y X

(2) If h is one-to-one, then f o h € Z(Z) implies f € (=) and

/foth:/deh.
X Y

Proof (1): Assume that f € .#(Z;) and £ > 0. So we can find a partition P € P&
such that Sz, (f, P) — Sz, (f,P) < €. Let P* € P=i and Q € P= as in Lemma 3.16 1.
Since P* is a refinement of P, by Lemma 3.4,

gE(f o h7 Q) - SE(}C o h) Q) — §Eh(fa P.) - SE/,(f7 P.) S §Eh(fa P) - SEh(f? P) <e.
This shows that f o & is Zj-integrable by applying Theorem 3.6.

We now deal with the value of the integral. On the one hand, let P € P=". By
applying Lemma 3.16 1, we can find P* < P in P=" and Q € P= such that

S=,(f,P) = S=(f o h, Q) < / fohdZ <S=(f o h,Q) = S=,(f, P') < S=,(f, P).
X

As a consequence, fo o hd= = fodEh.

(2): Assume that /4 is one-to-one, f o h is Z-integrable, and let € > 0. By Theorem 3.6,
there exists some Q € PZ such that S=(f o h, Q) — S=(foh,Q) <. Consider P € P=n
as in Lemma 3.16 2. As a consequence,

§Eh(fap) - SEh(fa P) == §E(f S h7 Q) - SE(fO h) Q) <e.
Thus, by Theorem 3.6, f € .#(Z;). Finally, the value of the integral follows by
applying (1). |
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Corollary 3.18 Let X,Y be non-empty sets such that X C Y, $Bx, HBy Boolean
algebras on P(X) and P(Y), respectively, =X, =¥ finitely additive measures on %Bx
and By, respectively, and g: Y — R a bounded function. Assume that By C h™(ABx)
and Ey C=X. If g € J(ZY) then g|X € #(ZX) and

2 / gd=" = / gIXd=X.
Y X

Proof Let 7: X — Y be the inclusion function and assume that g € .#(ZY). Since
By C h™(Px) and EY C EX, by applying Theorem 3.13 it follows that g € .7 (=)
and

(3) / gd=Y = / gd=¥.
Y Y

On the other hand, by Theorem 3.17, we have that g[X = go h € .#(ZX) and

4) / gd=) = / QIXd=Y.
Y X
Finally, (2) follows from (3) and (4). O

We are finally ready to prove Theorem 1.1, the main result of this paper.

Theorem 3.19 Let M, N be transitive models of ZFC such that M C N, n € N, and
a,b e R"NM witha <b. In M, let f be a real-valued function on [a, b]. Then, the
following statements are equivalent:

(1) f is Riemann integrable in M .
(2) In N, there exists some Riemann integrable function g: [a,b] — R extending f .

If either (1) or (2) holds, then:

M N
(5) < fd/\"l[a,b]> = ( / gd)\"![a,m) :
la,b] [a,b]

Moreover, the function g in (2) is unique except in a Lebesgue measure zero set: if g*
is another Riemann integrable function on [a, b] extending f, then there exists some
Lebesgue measure zero set E C [a, b] such that, for any x € [a,b] \ E, g*(x) = g(x).

Proof (2) = (1): Working in NV, assume that g: [a,b] — R is a Riemann integrable
function extending f. With the intention of applying Corollary 3.18, define X := [a, b],
Y := [a,b], h: X — Y the inclusion map, By = Z"|x, By = B"|[ap)» =% = |,
and =¥ := \"| 4, . Clearly, f = goh, By C h™*($x) and EY C =F, that is, we are
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R R

% — R” % — R”
a b a b

Figure 2: The graph on the right represents the situation from the perspective of M: if f is
Riemann integrable, then it is a continuous function except on a set of measure zero. On the
other hand, the graph on the left illustrates the situation from the perspective of N: with the
appearance of new real numbers in [a, b], the function f is no longer defined over the entire
n-rectangle [a, b].

under the hypothesis of Corollary 3.18, by virtue of which it follows that goh € #(ZX),
or equivalently by Theorem 3.14, [f € .¥ ()\"![a,b])]M . Moreover, by (2) we have that

/ gd\"|jap) = JdN|(q by
[a,b] [a, b}

and therefore, by Theorem 3.14 again, it follows that:

M N
< fd/\n’[a,b]> = </ gd)\"\[a,b]) .
[a,b] [a,b]

(1) = (2): Intuitively, the situation in this case is illustrated in Figure 2. When we
consider that f is Riemann integrable on [a, b] in M, it follows that f is continuous
except on a Lebesgue measure zero set. However, when interpreting f in the model N,
the function f is not defined on the entire n- rectangle [a, b], as new real numbers may
appear. Therefore, our proof consists of extending f to these new real numbers in such
a way that its integrability is preserved. To achieve this, we will approximate f using
step functions as follows.

Working in M, assume that f is \"|j, ;-integrable. For any m € N, we can find step
functions oy, 7, on [a, b] such that 0, < f < 7,,, and

6 — d\" < —.
(6) /[mb](Tm Om) |[a,b] mt 1

Since each o, and 7, are step functions, for any m € N there are a partition P,, of
[a, b] and sequences of real numbers &, = {(aur: R € Sp,,), Bn = (Bir: R € Sp,,),
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such that, without loss of generality, for any R € Sp,, and x € R°, 0,,(x) = o, g and
Tm(X) = Bmr, Wwhere R° denotes the interior of R.

Now, we work in N. For any m € N, let o, 7,: [a,b] — R be such that for any
x € [a,b]\ URESP," R°, o (x) == amp, and 7,5(x) == Bur,. Where Ry is the unique
sub-rectangle determined by P,, such that x € Rj. If x € R° for some R € Sp,,, we
can define o7},(x) and 75 (x) arbitrarily. Notice that this makes sense because we can use
the end-points of the partitions to extend P, to a partition of [a, b] in N. Clearly, o,
7% are step functions such that o < 7%, o [[a, b]¥ < f < 7% [[a, b]™, and since the

integral of step functions is merely a finite sum, for any m € N,
(N
M

M
/ Tmd N\ [[a,p) = ( / de/\"ha,b]) and / AN |1a,p) = ( / Umd)\"l[a,b1> :
[a,b] [a,b] [a,b] [a,b]

Define h: [a,b] — R by h(x) := inf,,cN 7, (x) whenever x € [a, b]. Using this, we can
introduce the desired extension of f: define g: [a,b] — R, as follows:

o [f@itxe @,
§= h(x) if x € [a,b] \ [a, b]".

Let € > 0 and K € N such that ﬁ < . Itis not hard to check that o < g < 7
except of a Lebesgue measure zero set, and by (6) and (7), it follows that

1
* _ * d)\n .

Thus, g is a Riemann integrable function extending f. Notice that, in this case (5)
follows from the proof of (2) = (1).

Finally, we deal with the uniqueness of g. Assume that, in N, g* is a Riemann-integrable
function on [a, b] extending f. Consider E, and Eg- as the set of discontinuities of g
and g*, respectively. Set E := E, U E¢«, whose Lebesgue measure is zero. Let ¢ > 0
and x € [a, b] \ E. Pick some sequence points with rational coordinates (x,,: m € N)
in [a, b] converging to x. Since g and g’ are continuous at x, it follows that:

) = g* ( lim xm> — lim g"(x,) = lim g(x,) = g ( lim xm> — o(0).
m—o0 m—o0 m—o0 m—o0
Thus, g = g* on [a,b] \ E. ad

By applying Theorem 3.19 to N = V, we get the following result:
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Corollary 3.20 Let M be a transitive model of ZFC, n € N, and a,b € R" "M with
a<b.InM,letf be areal-valued function on [a, b]. Then, the following statements
are equivalent:

(1) f is Riemann integrable in M .
(2) There exists some Riemann integrable function g: [a,b] — R extending f .

If either (1) or (2) holds, then:

M
() / gdN"|[ap) = < fd/\"|[a7b]) :
[a,b] [a,b]

Moreover, the function g in (2) is unique except in a Lebesgue measure zero set: if g*
is another Riemann integrable function on [a, b] extending f, then there exists some
Lebesgue measure zero set E C [a, b] such that, for any x € [a,b] \ E, g*(x) = g(x).

There is an alternative proof of (2) = (1) in Theorem 3.19 using approximations with
step functions. In the following remark, we outline a sketch of this proof.

Remark Assume the same hypothesis as in Theorem 3.19. We say that a step function
o on [a, b] is rational if its constant values and the endpoints of the partitions defining
it —except possibly for the end-points a; and b; for i < n— are rational numbers.
Observe that, for any step function ¢ and any € > 0, we can construct rational step
functions o, _ and o, 4 suchthat o, <o < o, 1, and

/ Cfd/\"l[a,bJ—Eé/ Oc—dN"|[a,5] and/ Ud/\"![a,b]+52/ Oe - dN"|[a,p)-
[a,b] [a,b] [a,b] [a,b]

Working in N, assume that g is a Riemann integrable function extending f and let
€ > 0. We can find step functions o, 7: [a,b] — R such that 0 < g < 7 and

/ (t — o)d\"
[a,b]

Working in M now, consider o, _ and 7. 4 rational step functions as above, where
€= i. Since rational numbers are absolute for transitive models of ZFC, we have that,

e

2

la,b] <

oc,— and 7.  are step functions such that o — < f < 7. and

/ (7‘6’4_ — 057_)61)\"‘[%[,] < €.
[a,b]

Thus, f is Riemann integrable in M.
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We now deal with the value of the integrals. Without loss of generality, we can assume
that f and g are non-negative functions. On the one hand, working in N, let p be a step
non-negative step function on [a, b] such that p < g and € > 0. Then,

/ 8dN"|jap) > / PAN"|(ab)
[a,b] [a,b]

B

Now, in M we have that p. _ is step function such that p. _ < f, and therefore,

M M
( faX" [a,b]> > ( / pa,—d/\"ha,b]) = / Pe,~AN"|ap) > / pdN"|[a,1—¢.
[a,b] [a,b] [a,b] [a,b]

Finally, since ¢ is arbitrary, it follows that

M N
< fd>\n|[a,b]) > </ gd/\"![a,b]> .
[a,b] [a,b]

The proof for the converse inequality is similar by considering the extension of step
functions as in the proof of (1) = (2) in Theorem 3.19.

We complete this paper by stating some natural questions that arose from Theorem 3.19.

Question 3.21

(1) Can we extend Theorem 3.19 to bounded, rectificable and open sets in R" ?

(2) Is the Riemann-Stieltjes integral absolute for transitive models of ZFC ?

(3) Is the Henstock—Kurzweil integral absolute for transitive models of ZFC (see eg
[16])?

(4) Is the Lebesgue integral on R" absolute for transitive models of ZFC ?

Question 3.21 (4) is particularly interesting. Although one approach to defining the
Lebesgue integral involves simple functions, the methods used to prove Theorem 3.19
do not apply in this case. For instance, if M C N are transitive models of ZFC and
N contains a Cohen real over M, then [a, b]” has Lebesgue measure zero in N. This
makes the information provided by f completely irrelevant —in the context of the
Lebesgue integral— for defining a potential function g as in Theorem 3.19, because
there are functions that are Lebesgue integrable and discontinuous everywhere. This
suggests that the uniqueness achieved previously for the Riemann integral probably does
not hold for the Lebesgue integral, since for this the characterization of integrability in
terms of continuity, provided by the Lebesgue-Vitali theorem, is absolutely fundamental.
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